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1 Disperzni krivky v anizotropnich deskach

1.1 Uvod

Na zac¢atku uvedeme kratky souhrn rovnic elastodynamiky ([13]-[20]), na které budeme nava-
zovat v dalsim vykladu.

Pohybové rovnice: V-T = pi — T = piy,

Konstitutivni vztahy: T=C-S — T = CijriShi, (1.1)
1 1

Vztahy vychylky-deformace: S = é{Vu + (Vu)T} — Su = B {ug, +wr},

kde T je tenzor napéti druhého radu, S je tenzor deformaci druhého fadu, C je tenzor elastickych
modulti ¢tvrtého fadu, u je vektor vychylek a p je hustota materialu.

Napéti pres libovolny povrch s normélou n je ddno: T -n < Tj;n;. Obecné, napéti a vychylky
musi byt na rozhrani spojité.

Tenzor napéti T je symetricky, tj. Ti; = T};. Tenzor deformaci S je taktéZ symetricky, tj.
S = Sik. Tenzor elastickych modulit C ma navic hlavni symetrii, tj. Ciji = Chij. Dlsledkem
téchto symetrii je existence maximalné 21 nezavislych elastickych konstant pro nejanizotropnéjsi
material. Se zvétsujici se irovni symetrie materialu pocet nezavislych elastickych konstant klesa,
napft. 3 pro kubické krystaly a pouze 2 pro izotropni materialy.

Zkraceny zapis

Pro vypocetni tcely je casto jednodussi uvazovat 6 nezavislych slozek tenzoru napéti a deformaci
uspotradanych do vektorového tvaru:

T=[Ty To Ts3 Tes=Ty Ts =Tz To=Tul",
S =[S Sy Ss3 283 =283 283 =253 255, =2599]",

kde jsme pouzili inzenyrskou definici piiénych deformaci (proto ten ¢initel 2 u nékterych ¢lent).
Daéle budeme pouzivat velké dolni indexy k oznaceni zkraceného zapisu. Tedy

{ij=11—-1=1; ij=22—-1=2; 1j=33—1=3;
ij=23Vv32—1=4; ij=31Vv13—-1=5; ij=12Vv2l — [ =6}.

Nékdy je nutné prechézet tam a zpét mezi reprezentaci tenzorovou (matice fadu 3) a reprezentaci
vektorovou (vektor o délce 6). Napf. pro ziskani slozek napéti a deformaci v jinych soufadnych
soustavéch je jednodussi pouzit maticovou (tenzorovou) reprezentaci, ale jinak je téméf vzdy
vyhodnéjsi pouzivat zkraceného zapisu.



a) b) c)

Obrazek 1.1: Parcialni vlny v nekone¢né izotropni desce: a) SH, b) SV, ¢) P.

Konstitutivni vztahy ve zkraceném zapisu prejdou na

T Ci1 Ci2 CG13 Cia Ci5 Cip S1
T Co1 C22 Ca23 C2q4 C25 Co6 Sy
T3 _ |31 C32 C33 C34 C35 Cs6 S3 — Ty = Cr;S;.
Ty Cq1 Cq2 C43 C4q4 Ca5 Cyp Sy
T C51 Cs2 Cs53 Csa Cs5  Csp S5
_T6_ 1 C61 C62 Ce3 Cea Cos5  Co6 _56_

1.2 Metoda parcialnich vin

Ke studiu §ifeni napétovych vin v izotropnich deskéch se pouZivaji dvé analytické metody:
metoda zalozena na potencialech s naslednou separaci proménnych a novéjsi metoda parcialnich
vin, u které se reseni sklada z jednoduchych vin exponencidlniho typu, které putuji mezi okraji
desky, viz obr. 1.1 (SH-pfi¢n4 horizontalni, SV-pti¢né vertikalni, P-podélna). Tato druhd metoda
vede k Teseni rychleji a pfinasi lepsi nahled do fyzikalni povahy vlnového siteni.

Pfi feseni problému sifeni vin v anizotropnich deskach mame vybér analytické metody zjed-
nodusen. Lze totiz pouzit pouze metodu parcialnich vin.

Pro obecné anizotropni médium jsou parcidlni vlny odvozeny z Christoffelovy rovnice, viz [3]

(kucukjj — pw2(5ij) u; =0, (1.2)

ktera byla odvozena z predpokladaného teseni ve tvaru
u = ugexp [i (kyz + kyy + k.2 —wt)], kde wg = Za, + Joy, + Za, (1.3)
v pohybové rovnici pro anizotropni prostfedi. Ve vztahu (1.2) se predpokladé s¢itani pfes opa-

kujici se indexy a je uzito obvyklé znaceni indext 2,5 = x,y,z a I, J = xx,yy, 22,yz, 2, Y.
Matice k;; je

ke 0 0 0 ko Kk
k=10 k, 0 k. 0 Fk (1.4)
0 0 k. k, ky, O

a ky; je jeji transpozici. Materidlové vlastnosti desky jsou popsany hustotou p a elastickymi
konstantami ¢y ;.



Obrazek 1.2: Materidlové osy X, Y, Z libovolné orientované k osam anizotropni desky z, vy, 2.

Zakladni princip metody parcialnich vin spociva v jejich vazbé na ostatni vlny pfes odrazy
na okrajich desky. Vyplyva to ze skutecnosti, ze kazda parcidlni vlna na obr. 1.1 nebo v anizot-
ropnim problému zndzornéném na obr. 1.2 musi mit stejnou hodnotu k,. To je k, = k = w/v,
kde v je fazova rychlost viny v desce. Rovnice (1.3) pak prejde na tvar

u; = oy exp [ik(z + 1,2)], (1.5)

sj=ux,9,zal, =k,/k, pro kazdé parcidlni vlnové feseni.

Substituci vztahu (1.5) do (1.2) ziskame soustavu ti1 homogennich linearnich rovnic pro a,, oy,
a o, kde jsou koeficienty funkcemi p, ¢y a w/k = v. Netrividlni FeSeni existuje, pouze pokud je
determinant soustavy nulovy. To vede na polynom Sestého fadu pro /., ktery mé Sest realnych
nebo komplexné sdruzenych korenti lﬁ”), n = 1,...6. Parcialni vlnové feseni definované témito
kofeny odpovida tifem dopadajicim a tfem odrazenym vinam, viz obr. 1.1 pro izotropni desku.
V anizotropni desce se obvykle parcidlni vlny neseparuji na c¢isté horizontalné a vertikalné
polarizované. K tomu dochazi pouze pri specialni orientaci materialu a desky.

Vztahy pro parcialni viny jsou nyni

6
=Y Cual” exp[ik(z+12)], (= 2,y,2). (1.6)

n=1

V dalsim kroku se vySetiuje vazba mezi parcidlnimi vilnami na okraji desky. Pro volny povrch
desky je tfeba splnit nasledujici okrajové podminky

Ty, = Tyz =T..= 07 (17)

na kazdém povrchu desky, z = £d viz obr. 1.2.

Substituci vztahti (1.6) do okrajovych podminek (1.7) dostaneme soustavu Sesti homogennich
linearnich rovnic, ve kterych jsou koeficienty C,, funkcemi p, ¢;;, w/k = v a kd. Opét netrividlni
feSeni existuje, pouze pokud determinant soustavy je roven nule, coz urcuje disperzni vztah
mezi w a k.

1.3 lzotropni deska

Disperzni vztahy pro izotropni desku lze rozdélit do tii samostatnych rovnic, jak je uvedeno
v [1], [16] a [5].

SH-mody

(N7)? = (2dw/cy)* — (2dk)?, (1.8)



kde N je ptrirozené ¢islo véetné nuly a ¢y je fazova rychlost pri¢nych vin.
Symetrické (dilata¢ni) médy:
2

2
46 3 sinh (kd 8) cosh (kd 5) — <Z—2 - 2) sinh (kd 3) cosh (kd o) = 0, (1.9)

2

kde 6 = /1— %, 3 = /1= %, k je vlnové &islo, d je polovina tloustky desky, v je fazova
1 2

rychlost, ¢; rychlost podélnych a ¢y rychlost priénych vin.

Antisymetrické (ohybové) médy:

U2

2
46 (3 sinh (kd 3) cosh (kd o) — <—2 - 2) sinh (kd ¢) cosh (kd 3) = 0. (1.10)

&

1.3.1 Mindlinova metoda oddélenych médu

Pro snazsi pochopeni chovani symetrickych a antisymetrickych méda vyvinul Mindlin [17] me-
todu oddélenych mdédi, ktera spoc¢iva v zavedeni specidlnich okrajovych podminek

T,.=0, u,=0 (1.11)
nebo
T..=0, wu,=0. (1.12)

Tyto okrajové podminky nelze realizovat v praxi, ale lze je simulovat ,namazanymi tuhymi
poloprostory* (viz obr. 1.3 vlevo) a ,mikroskopickym fetizkem* (viz obr. 1.3 vpravo). Pro tyto
specialni okrajové podminky degeneruji symetrické a antisymetrické médy do oddélenych SV-
modi, popsanych vztahem (1.8), a oddélenych P-médi, popsanych nasledujicim vztahem

(M7)? = (2dw/vr)* — (2dk)>. (1.13)

— <>

Obrézek 1.3: Modely Mindlinovych okrajovych podminek.

Mindlinovy disperzni k¥ivky jsou spolu s disperznimi kfivkami pro symetrické a antisymetrické
mody izotropni desky zakresleny v obr. 4.1.

1.4 Kubicka deska

Disperzni chovani v anizotropnich deskach zavisi na smeéru siteni. Uvazujeme desku s anizotropii
orientaci (001) a vySetiujeme $ifeni v roviné desky. Smér &ifeni je dan tthlem ¢ mezi osou z a
vlnovym vektorem viz obr.1.4. Nejdiive zamérime na sméry Sifeni v rovinach symetrie krystalu.
Pro kubickou desku jsou to sméry sifeni [100] a [110], (tj. ¢ = 0° a ¢ = 45°).



Obrazek 1.4: Deska s anizotropii orientaci (001) a smér Sifeni v roviné desky.

1.4.1 smér Sifeni ¢ = (°

V tomto piipadé se Christoffelova rovnice (1.2) redukuje na

n)? " .

en+ el — pv? 0 (c12 + C44) 1 ol
0 caa (14 lgn)Q) — pv? 0 sz(/n) =0, (1.14)

(C12 4 ca4) 8 0 Cqq + 11 lgn)z — pv? al”

kde ag(cn), Oz;") a o jsou slozky polarizace n-té parcialni viny. Determinant soustavy se rozdéli
na
2
e (1+1°) = p? =0 (1.15)

(011 -+ Cq4 lgn)z — p’U2)(C44 + C11 lgn)z — p’U2) — (012 + C44)2 lgn)2 = 0. (1.16)
SH-mody
vazujme prvni dva kofeny [y~ rovnice (1.15), které spojime s n = 5, 6. povidajici parcialni
Uvaiuj { dva koteny 1™ ice (1.15), které spoji 5,6. Odpovidajici parcialni
viny

/

0
1) = \/(pv?/ea) - 1, a® =11/,
SH 0 (1.17)
10 = 1), a® — o),

kde v = w/k, jsou horizontalné polarizované. Pro splnéni okrajovych podminek je tieba, aby
sin (21Pkd) =0 = 1 =Nn/2kd pro N=0,1,2,... (1.18)
Jedna se o cisté SH-mdédy stejné jako v izotropnim piipadé.

Symetrické a antisymetrické mody
Cty¥i koreny 1" (n=1,2,3,4) rovnice (1.16)

l(n)2 - —B:t V B2 —A

? 2c11Ca

(1.19)

kde

A= 4decyea(en — 9112)(044 — ,0712) a B= (cn1— 0712) c11 + (caa — ,0712) cag — (c12 + C44)2>

10



vedou na zbyvajici parcidlni vlny typu P a SV. Znaménko plus vede na kvaziptfi¢né viny
(n = 1,2) a znaménko minus na kvazipodélné viny (n = 3,4):

4
(1) B (1)
o - JZBAVE A | (el
z 2 C11C44 o Oéy o O ’
(1) (1)2 2
o ci1+ewls’ —pv
SV e g (1.20)
—aM
2 — @ 2 _
lz = lz s a = O s
(1)
\ Az
(
(3) N (3)
o [FrvE=a (o] | et
? 2¢i1C44 Ay 0 ’
b al? e + e 1 — po? (1.21)
—a®
4) — 3 (4) _
lz = lz s (8} = 0
ol

\

Vztahy jsou odvozeny pomoci systému pro symbolické vypocty Maple. Rovnice (1.14) az
(1.21) jsou odvozeny v souboru Christoffel_cubic_ortho.mw, viz kapitola 3.1.

Okrajové podminky 7T,.. = T, = 0 jsou splnény, pokud plati

tan <l§1)k‘d> (01 (1 )+ c11 ozg l( )> ( >
= (1.22)
tan <l£3)kd) <cl ( ) + c11 04(3) l( )> ( —|— az >
nebo
tan (lgl)kd) (cl ( ) + c11 aS”) l§ )> ( (1) l(l) )
= (1.23)

tan (lgs)kd> (012 al + ¢y ol l(l)) ( BB 4 ol ))

Rovnice (1.22) pfedstavuje disperzni zéavislost pro symetrické médy a rovnice (1.23) zavislost
pro antisymetrické mody.
Mindlinovy okrajové podminky (1.11) resp. (1.12) jsou splnény, pokud plati

sin (218Mkd) =0 (1.24)
nebo
sin (218 kd) = 0. (1.25)

Tyto disperzni zavislosti (1.18) a (1.22) az (1.25) byly odvozeny v souboru dc_cubic_ortho.mw,
viz kapitola 3.2. Disperzni kiivky pro SH mddy, symetrické a antisymetrické moédy v kubické
desce jsou pro smeér Sifeni ¢ = (0 zakresleny spolu s Mindlinovymi disperznimi kfivkami v
obr. 4.2.

11



1.4.2 smér Sifeni ¢ = 45°

V piipadé, kdy mé deska s kubickou anizotropii orientaci (001) a vySetfujeme smér Siteni [110],
tj. ¢ = 45°, se Christoffelova rovnice redukuje na

n 2 n n
2 (e + c12) +eaa(1 + e ) — pv? 0 (c12 + c44)l§ ) ol
n 2 n =
0 044l,(z ) + % (c11 — c12) — pv? 0 0415 ) 0.
(c12 + C44)lgn) 0 Cag + c111£")2 — pv? aﬁ")

(1.26)
Determinant soustavy se rozdéli na

(é (c11 + c12) + caa(1+ 1) — PUQ) <C44 e 17— PUQ) — (1o + )1 =0 (1.27)

C44l£n)2 + % (611 — 612) — p112 =0. (1.28)

SH-mody
Dva kofeny 1) (n = 5,6) rovnice (1.28)

0
1 _ 2
) — \/2 (c12 —c11) + pv | W 1]
SH Caa 0 (1.29)
10 = ), a® — o),

odpovidaji parcialnim vlnam pro horizontalné polarizované médy. Pro splnéni okrajovych pod-
minek je tfeba, aby

sin (219kd) =0 = 1 =Nn/2kd pro N =0,1,2,... (1.30)
Opét se jedna se o cisté SH-mody stejné jako v predchozim piipadé.

Symetrické a antisymetrické mody
Cty¥i koreny I (n = 1,2,3,4) rovnice (1.27)

jo? —B++VB2—4AC
= 2A ’

(1.31)

kde

A = 2c1044,
B = —2(c11 + ca) pv* + (c11 — 2¢12) (c1a +2ca4) + ¢, a
C = (caa — pv?) (c11 + 12+ 2(caa — pv?)),

vedou na zbyvajici parcialni vlny typu P a SV. Znaménko plus vede na kvaziptfi¢né viny
(n =1,2) a znaménko minus na kvazipodélné viny (n = 3,4):

12



_B B2 _AiA C’ aM —(c12 + C44)l,(z1)
1 = ha al =1 o=
N 2A Qyy 0 ’
2
SV af! Lew + ) + a1+ 1807) — po?
(1)
_ax
(2 — _;(») (2) _
lz = lz s 0] = O s
o)
(1.32)
.
(3) (3)
B _41AC Oz —(012 + C44)lz
lgg) = 82 4A &(3) == (3) - 0 )
2A Qy
b al?) $ (c11 + c12) + caa(1 + 123)2) — pv?
(3)
—Qly
4) — _0) 4) _
lz = lz s (0] = 0
(3)
\ az
(1.33)

Rovnice (1.26) az (1.33) jsou odvozeny v souboru Christoffel_cubic_ortho.mw, viz kapitola
3.1.
Okrajové podminky volného povrchu desky (7, = 1), = T,. = 0) jsou splnény, pokud plati

tg (lﬁ%cz) <012 OISO <&3 +a§3)>

tg <l£3>kd) - (cm ORI C) l(3>> (a (070 | )> (1.34)
nebo

5 (10) (el o) (ol 1) .

g <l§3)kd> B <C12 a;) T e (1) 19)) ( (3 )l( ) 4 ag )>

Rovnice (1.34) pfedstavuje disperzni zavislost pro symetrické médy a rovnice (1.35) zavislost
pro antisymetrické mody.
Mindlinovy okrajové podminky (1.11) resp. (1.12) jsou splnény, pokud plati

sin (2{(Vkd) =0 (1.36)
nebo
sin (218 kd) = 0. (1.37)

Disperzni zavislosti (1.30) a (1.34) az (1.37) byly odvozeny v souboru dc_cubic_ortho.mw,
viz kapitola 3.2. Mindlinovy oddélené médy jsou spolu s disperznimi kiivkami pro symetrické,
antisymetrické a SH mddy desky s kubickou anizotropii a smér sifeni ¢ = 45 zakresleny v
obr. 4.13.
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1.4.3 smér Sifeni 0 < ¢ < 45°

Uvazujeme opét desku s kubickou anizotropii a orientaci (001) a vySetiujeme obecny smér Sifeni
v roviné desky jak je znédzornéno na obr. 1.4.
Christoffelova rovnice ma v tomto pripadé tvar

Ka+cn+ C44lgn)2 — pv? Kp (c12 + C44)l§n) Oégcn)
(n)? . ) (n) | =0,
Kpg 7 +1)cyy— Ka— pv 0 Qy
(c12 + 044)l£n) 0 C4q + 0111,(;1)2 — pv? agn)
(1.38)
kde
Ky = —2sin? ¢ cos® ¢ (c11 — 19 — 2¢44)

Kp= (1 — 2 cos? gzﬁ) (c11 — €12 — 2c44) Sin @ COS .

V tomto pripadé se uz nevyskytuji SH-mddy, ale pouze symetrické a antisymetrické mddy.
Determinant soustavy vede nasledujici bikubickou rovnici:

Al +BIE+CI2+ D=0, (1.39)
kde

A=cy iy,
B =(c11 —2c12) iy + (6, — Gy — (caa + 2¢11) pv*) cus,
C=Q2cu+cn) pP?vt —cn (K3+K3p) + (el — cfy) (Ka+pv® = ca)

+ (cas 4 c11) (Ka —2p0?) caa+2c1ocaa (Ka+ pv?) 4+ ciy (11 — 2c12)
D=—p" 0"+ p*0v* (2cua+ )+ (pv® —caa) (Ka (Ka+ e — caa) + K3)

—pvPcy (2¢11 + caq) ey

Tvary rovnic (1.38) a (1.39) jsou odvozeny v Christoffel_cubic_ortho.mw, viz kapitola
3.1. Tato rovnice je dale fesena numericky v Matlabu, [15].
Okrajové podminky volného povrchu desky (7). = T}, = T,. = 0) jsou splnény, pokud plati

C cotg (I1Vkd) + Cpeotg (IPkd) + Cocotg (1Pkd) = 0 (1.40)
nebo
Catg (IMkd) + Cptg (19kd) + Cetg (19kd) =0 (1.41)
kde
Ca = (en a1 + ci) [P (o +10) — a1 (19 + )]
C = (ena1 +cp) [af 1 (0 + 1) — afP1 (1) + a1}
Co = (e11a1P) + 1) [aPIP) (o) +1) — oI (19 + )] a
o Kp qo — _(an caa)1" ~ pon =135

KA + pU2 — (lgn)z -+ 1) C447 pU2 — Cq4 — Clllgn
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Rovnice (1.40) pfedstavuje disperzni zavislost pro symetrické médy a rovnice (1.41) zavislost
pro antisymetrické mody. Disperzni zavislosti byly odvozeny v souboru dc_cubic_ortho.mw,
viz kapitola 3.2 a tvary polarizaci parcialnich vin o, a a, v Christoffel_cubic_ortho.mw, viz
kapitola 3.1.

Mindlinovy okrajové podminky 7., =0, wu,=0 nebo T,, =0, wu, =0 lze prokubickou
desku pouzit pii ¢ = 0° a ¢ = 45°. Tedy pouze v pripadé, kdy sagitalni rovina tvoii rovinu
symetrie krystalu a lze tedy oddélit SH-mdédy. Pro obecny thel Sifeni, kdy nelze oddélit SH-
mody, jsme k ziskani oddélenych mdédt museli doplnit prvni dvojici vyse uvedenych okrajovych
podminek o podminku 7). = 0 a druhou dvojici o podminku u, = 0. Takto doplnéné podminky
jsou splnény, pokud plati

sin (21kd) =0 = 1" =Nr/2kd pro n=135 a N=0,1,2... (142

Tyto disperzni zavislosti jsou odvozeny v souboru dc_cubic_ortho.mw, viz kapitola 3.2. Zo-
becnéné Mindlinovy oddélené médy spolu s disperznimi kiivkami pro symetrické a antisymet-
rické médy desky s kubickou anizotropii a smeéry Sifeni ¢ = 1,5, 10, 15, 20, 25, 30, 35, 40, 44° jsou
zakresleny v obr.4.3-4.12.

1.5 Ortotropni deska

Nyni budeme vySetiovat desku ortotropni anizotropii. Opét se nejdiive zaméfime na sméry Sifeni
v rovindch symetrie krystalu, tj. pro ortotropni desku sméry sifeni [100] a [010], (tj. ¢ = 0° a
» =90°).

1.5.1 smér sifeni ¢ = 0°

V tomto piipadé se Christoffelova rovnice (1.2) redukuje na

c11 + Cs5 lgn)2 - pU2 0 (013 + 055) l,(zn) Oé;(cn)
0 Ca lgn)Q + Co6 — ,0'1]2 0 a?(J”) = 0. (143)
(c13 + ¢55) lgn) 0 Cs5 1 C33 lgn)Q — pv® a»(zn)

Determinant soustavy se rozdéli na

Cyq lgn)z + Cge — pU2 =0 (144)

(c11 + cs5 lgn)i’ — pv*)(cs5 + 33 lgn)i’ — pv?) — (c13 + ¢55) lﬁ”)z = 0. (1.45)
SH-mody
Uvazujme prvni dva kofeny 1) rovnice (1.44), které spojime s n = 5,6. Odpovidajici parcialni
viny

(

S 0
1) = | P68 a® = 1],
SH Caa 0 (1.46)
16 — _6) a©® — 46
\ ? z )
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jsou horizontalné polarizované. Pro splnéni okrajovych podminek je tieba, aby

sin (219kd) =0 = 1% =Nr/2kd pro N=0,1,2,...

Jedna se o cisté SH-médy.

Symetrické a antisymetrické mody
Ctyfti kofeny 1) (n=1,2,3,4) rovnice (1.45)

l(n)2 —B :i: V 32

§ 2 c33Cs5

kde

(1.47)

(1.48)

A= degzess(cin — pv®)(ess — pv°)  a B = (c11 — pv°)ess + (cs5 — pv*)ess — (caz + cs5)%,

vedou na zbyvajici parcialni vlny typu P a SV. Znaménko plus vede na kvazipfi¢né viny

(n =1,2) a znaménko minus na kvazipodélné vilny (n = 3,4):

.

1) (1)
BT A4 oy —(c13 4 c55)12
jw— [ZBEVE ol =1 o=
z 2 C33Cs5 Oéy O
SV otV en + essl) — pv°
(1)
_am
(2) — () (2) —
lz = lz 5 o — 0 )
1)
\ Qz
(
a® ~(e1s + c55)I?)
/R2 _ A 13 055) z
1®) = B a® =1 | =
# 2033655 O./y 0
P 01,2«3) Cc11 + C55l£3)2 — pU2
(3)
_a$
4) — 703 (4) —
lZ = lZ > (6% = O
|

(1.49)

(1.50)

Rovnice (1.43) az (1.50) jsou odvozeny v souboru Christoffel_cubic_ortho.mw, viz kapitola

3.1.
Okrajové podminky 7)., = T, = 0 jsou splnény, pokud plati

tan <l§1)k‘d> (c 13 a; ) 4 C33 ozgl) l(1)> (04563) l§3) + ag’))

tan <l§3)kd)
zg”kd)
)

(
tan (zS’)kd

<Cl3 az’ + C33 Oéz < + Oéz

nebo
tan

")
NONON ) |
)

)
C13 ozz + C33 ozz ) (
) (o

(013 Oéa: + C33 Oéz
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Rovnice (1.51) pfedstavuje disperzni zavislost pro symetrické médy a rovnice (1.52) zavislost
pro antisymetrické mody.
Mindlinovy okrajové podminky (1.11) resp. (1.12) jsou splnény, pokud plati

sin (21kd) =0 = 1" =Nr/2kd pro n=1,3 a N=0,1,2,... (1.53)

z

Rovnice (1.53) pro n = 1 predstavuje disperzni zéavislost pro oddélené SV-médy a pro n = 3
zévislost pro oddélené P-moédy. V souboru dc_cubic_ortho.mw, viz kapitola 3.2, jsou odvozeny
disperzni zavislosti (1.47) a (1.51) az (1.53).

Mindlinovy disperzni kiivky jsou spolu s disperznimi kiivkami pro SH mddy, symetrické a
antisymetrické moédy desky s ortotropni anizotropii zakresleny v obr. 4.14.

1.5.2 smér sifeni ¢ = 90°

V tomto piipadé se Christoffelova rovnice (1.2) redukuje na

C22 + Caq lgn)Q — pv? 0 (Co3 + Caa) lgn) CY;(L«n)
0 Cos lgn)Q ¥ cop — pv° 0 a?(,") =0. (1.54)
(Co3 + Ca4) 1 0 Caa + C33 Q- pv? al”

Determinant soustavy se rozdéli na

Cs5 lgn)2 + Cg6 — p’U2 =0 (155)

(Co2 + Caa li")2 - PUQ)(C44 + C33 li")2 - PUZ) — (ca3 + 644)2 li")2 = 0. (1.56)

SH-mody
Uvazujme prvni dva kofeny 1 rovnice (1.55), které spojime s n = 5,6. Odpovidajici parcialni
viny

5 0
OIS —": Y a® =11/,
SH €55 0 (1.57)
16) — _1(5) a® = 45
\ < z ) I

v

jsou horizontalné polarizované. Pro splnéni okrajovych podminek je tieba, aby
sin (219kd) =0 = 1® =Nr/2kd pro N=0,12,... (1.58)
Jedna se opét o ¢isté SH-mddy.

Symetrické a antisymetrické mody
Ctyfi koteny I (n = 1,2, 3,4) rovnice (1.56)

l(n)2 o —B:l: V B2 —A

z

(1.59)

2 C33Ca0
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kde

A = degzean(can — pv°)(cas — pv*) & B = (caa — pv°)caz + (caa — pv*)cas — (co3 + caa)?,
vedou na zbyvajici parcialni viny typu P a SV. Znaménko plus vede na kvazipfi¢né vlny (n =
1,2) a znaménko minus na kvazipodélné viny (n = 3,4):

(

(1) (1)
/59 A Ay —(023 + C44)lz
l(l) = —B + B - A, a(l) = (1) = 0 )
? 2633044 Ay
(1) (1)? 2
oz Coa + caaly” — pv
SV =T (1.60)
_040(61)
2 — _y1) (2 _
lz = lz 5 (07 — 0 )
|
.
_B_JVB_A at” —(ca3 + caa)l
1® = a® =1 &=
¢ 2 c33C4 7 Qy 0 7
(3) (3)° 2
o Cog + caaly” — pv
P o P (1.61)
_a;?’)
4 _— 3 (4) _
lz = lz y « = 0
o

Rovnice (1.54) az (1.61) jsou odvozeny v souboru Christoffel_cubic_ortho.mw, viz kapitola
3.1.
Okrajové podminky 7)., = T,, = 0 jsou splnény, pokud plati

tan (lgl)kd) <023 chl) + ¢33 ozgl) l,g”) (ag’) lf’) + a£3)>
_ (1.62)
tan <l£3)kd> <023 ozg’) + ¢33 af’) l£3)> (ag) ZS) + ozgl)>
nebo
tan <l,(zl)kd> (023 ag’) + ¢33 aS’) l,(z?’)) (ag;l) lgl) + agl)>
= ) (1.63)

tan <l§3)kd> <023 aé” + ¢33 ozgl) lﬁ”) (oz?) 123) + a§3)>

Rovnice (1.62) predstavuje disperzni zavislost pro symetrické mdédy a rovnice (1.63) zavislost
pro antisymetrické mody.
Disperzni zavislosti pro oddélené médy jsou nasledujici:

sin (21Mkd) =0 = 1™ =Nr/2kd pro n=1,3 a N=0,12,... (1.64)

Rovnice (1.64) pro n = 1 pfedstavuje disperzni zavislost pro oddélené SV-médy a pro n = 3
zévislost pro oddélené P-mddy. Disperzni zavislosti (1.58) a (1.62) az (1.64) byly odvozeny v
souboru dc_cubic_ortho.mw, viz kapitola 3.2.

Mindlinovy disperzni kfivky spolu s disperznimi kfivkami pro SH mddy, symetrické a an-
tisymetrické mody desky s ortotropni anizotropii pro smér siteni ¢ = 90° jsou zakresleny v
obr. 4.34.
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1.5.3 smér sifeni 0 < ¢ < 90°

Uvazujeme opét desku s ortotropni anizotropii a orientaci (001) a vySetfujeme obecny smér

siteni v roviné desky, jak je znazornéno na obr.1.4.
Christoffelova rovnice ma v tomto pripadé tvar

G2+ g0 952+ g7 g L Qz
GLE+9gr g l2+95  gul. o [ =0
g6 lz ga lz gs l,g + g2 O{gn)

kde

g1 =sin® ¢ cs5 + cos® ¢ cua,

g2 =sin® ¢ ¢y + cos” ¢ cs5 — pu,

g3 =sin® ¢ cos® ¢ (c11 — 2cra + can — d¢og) + o6 — PV,

g4 =sin ¢ cos ¢ (ca3 — €13 + C44 — C55) ,

gs =sin ¢ cos ¢ (caq — Cs5)

g6 =sin’ ¢ (ca3 + caa) + cos® ¢ (c13 + c53)

g7 =sin ¢ cos ¢ (sin2 ¢ (con — €12 — 2 ¢g6) — cos® ¢ (c11 — c1g — 2 066)) ,
gs =C33,

go =sin’ ¢ cay + cos” ¢ css,

gro =sin* ¢ cag + cos* @ cip + 2 (c19 + 2 cg6) sin® ¢ cos® ¢ — p v

(1.65)

V tomto pripadé se uz nevyskytuji SH-mody, ale pouze symetrické a antisymetrické médy.

Determinant soustavy vede nasledujici bikubickou rovnici:
A+ BI;+CEZ+ D=0,
kde

A:p4p57
B = (paps + paps — D5 1, ) in® ¢ + (p1pa + ps pe — Paqa) cos” ¢ — (pa + paps + p5) X
C =pypsr1 + pera +sin® ¢ cos® ¢ (g3 —p1q1 —P2g2 +2p3qs) + X2 T3,

D =ry + (7“5 + (52721 + So45 — X +p6) X2) X,

r1 =2 (ps + 2pg) sin® ¢ cos® ¢ + Sy_91 — X7,

Ty =S4_91 — q1 sin® ¢ + 2 (qu — p3) sin® ¢ cos® ¢ — gy cos* ¢ — (Sp_u5 + 1) X%,
rs = (q — paps) sin® ¢ + (g2 — p1pa) cos” ¢ — Soa1 + (pa + ps + 1) X7,

Ty = (]96 Si-o1 — (2p3ps — ¢3) sin® ¢ cos’ ¢) So 45,

rs = (2p3ps — q3)sin’ ¢ cos® ¢ — Sa_a1 So—45 — Pe (S1—21 + Sa_a5) ,
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P11 = 011/033, Ds 2055/033; 1 = (2294 +p8)p87 Sa_21 =pa sin’ ¢+ p cos® o,

P2 = 022/033, DPe 2066/033, q2 = (2]75 +p7)p7, Sa_91 =pa sin? O+ D cos? 0,
b3 = C12/C33, Y% 2013/633, 43 =p1 P2 — p% So_45 =Pa sin’ o+ ps cos’ o,
P4 = C4a/C33, Ps =Ca3/C33, Q4 =P4 D7 + D5 P8 + D7 D8, X :Pw2/033-

Tvary rovnic (1.65) a (1.66) jsou odvozeny v Christoffel_cubic_ortho.mw, viz kapitola
3.1. Rovnice (1.66) je pak dale feSena numericky v Matlabu, [15].
Okrajové podminky volného povrchu desky (7). = T}, = T,. = 0) jsou splnény, pokud plati

C'y cotg (lgl)kd) + Cpeotg (IPkd) + Cecotg (1Pkd) =0 (1.67)

nebo
Catg (IVkd) + Cptg (IPkd) + Cotg (19kd) = 0 (1.68)

kde
CA = Dg;l)ngg) — D;S)D?(Jl)) DE«S) + EQS;S) — E?SB) COS¢ (013 — 023) C44Cs5,
Cp = (DD = DYDY ) | D + (B = By ) cos ¢ (ers — cas) | cascss,
CC = Dg(c3)D3(/5) — Dg(f)Dl(/g) Dgl) —+ Eg(gl) — E@Sl) COS¢ (C13 — 023) C44Cs5,

D = a1 4 o, |

D?Sn) _ a?(Jn) lgn)’

DI = ol 1l ¢g5 + ol ey,

EM = o™ cos ¢,

Ez,(/n) _ Oé;n) sin @, pro n=1,3,5,

n n4 n2
aé):glgglg) + (9192 + 9398 — 93) R + 92 93,

n n)* n)?
a) = —g5 g5 19" + (9496 — g7 gs — 9295) I — ga g1,

n n2 n
ol = <(9495 — 91 96) 1 (93 96 —9497)> 1 )7

a hodnoty g1 aZ gs jsou stejné jako v rovnici (1.65).

Rovnice (1.67) predstavuje disperzni zavislost pro symetrické médy a rovnice (1.68) zévislost
pro antisymetrické moédy. Disperzni zavislosti byly odvozeny v souboru dc_cubic_ortho.mw,
viz kapitola 3.2 a tvary polarizaci parcialnich vin oy, a o, v Christoffel_cubic_ortho.mw, viz
kapitola 3.1.

Mindlinovy okrajové podminky 7,, = 0, wu, =0 mnebo 7T,, =0, wu, = 0 lze pro ortot-
ropni desku pouzit pti ¢ = 0° a @ = 90°. Pro obecny uhel siteni, kdy nelze oddélit SH-mody,
jsme k ziskani oddélenych modi museli doplnit prvni dvojici vyse uvedenych okrajovych pod-
minek o podminku 7, = 0 a druhou dvojici o podminku u, = 0. Takto doplnéné podminky
jsou splnény, pokud plati

sin (21"kd) =0 = 1" =Nr/2kd pro n=1,35 a N=0,1,2... (1.69)

Tyto disperzni zavislosti jsou odvozeny v souboru dc_cubic_ortho.mw, viz kapitola 3.2.
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2 Interpretace falesnych korent

P1i numerickych vypoctech disperznich zavislosti tlustych desek pro ortotropni materialy jsme
narazili na problém s vyskytem falesnych disperznich kiivek. V nasledujicich kapitolach prove-
deme interpretaci tohoto jevu a ukazeme si, proc¢ se nejednd o skutecné disperzni kiivky. Jelikoz
se podobné chovani vyskytuje i u disperznich ktivek pro izotropni tlustou desku, zacneme ana-
Iyzou disperze v izotropnich deskach.

2.1 lzotropni deska

Disperzni zavislosti v izotropni desce jsou dany vztahy (1.9) a (1.10). Prabéh disperznich vétvi
pro symetrické resp. antisymetrické mdédy je znazornén na obr. 2.1 resp. obr. 2.3, Poissonovo
¢islo je 0.3.

15000 : : .
— — — fale$na kfivka
fez pro dané kd
10000
@
£
>
(o2 Sl B e I —
O 1 1 1

Obrézek 2.1: Disperzni kiivky pro symetrické moédy izotropni desky

Po dosazeni za 6 a 3 do vztahu (1.9) je zfejmé, ze kofenem by pro symetrické médy méla byt
i rychlost ¢,. Na obr. 2.2 je vynesena leva strana rovnice (1.9) v zavislosti na fazové rychlosti
v v fezu zobrazeném na obr. 2.1. Ze se nejedné o skuteény kofen disperzni zavislosti, se lze
presvédcit vipoctem odpovidajicich vychylek.

Vychylky ve sméru osy x pro symetrické médy jsou dany vztahy:

Uy = ;—Z% [(Z—z - 2) sinh(kd (3) cosh(kz §) + 2 3§ sinh(kd §) cosh(kz B)} , (2.1)
2

vychylky ve sméru osy z

2
00

U= kv?

[(“_2 - 2) sinh(kd (3) sinh(kz 6) + 2 sinh(kd 6) sinh(kz ﬂ)} . (2.2)

B
&)

21



3 T T T T T T T
2r i
| /\ _
0 } t

c2 ci
_1 - -
-2+ Re(f) i

Im(f)

0 1000 2000 3000 4000 5000 6000 7000 8000
v [m/s]

Obréazek 2.2: Prubéh funkce (1.9) pro symetrické maédy.
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Obrazek 2.3: Disperzni kiivky pro antismetrické mdédy izotropni desky

Dosadime-li do téchto vztahii v = ¢y, vyjdou nam vychylky nulové a nejedna se tudiz o
skutec¢nou disperzni kiivku.

Obdobné pro antisymetrické médy po dosazeni za 0 a 3 do vztahu (1.10) je zfejmé, Ze kofenem
by méla byt tentokrat rychlost ¢;. Na obr. 2.4 je vynesena leva strana rovnice (1.10) v zavislosti
na fazové rychlosti v v fezu zobrazeném na obr. 2.3. Ze se nejedna o skute¢ny koren disperzni
zavislosti, se lze opét presvédcit vypoctem odpovidajicich vychylek:

Uy = % {(i — 2) cosh(kd 3) sinh(kz §) + 203 6 cosh(kd ) sinh(kz ﬁ)} : (2.3)
2
§c2 [ [ v?
U = s {(C—% - 2) cosh(kd 3) cosh(kz §) + 2 cosh(kd §) cosh(kz ﬁ)] : (2.4)

Dosadime-li do téchto vztahii v = ¢;, vyjdou nam vychylky nulové a nejedna se tudiz o
skutecnou disperzni kiivku. P¥i numerickém hledani kofent nam tyto falesné kiivky nedélaji
problémy, nebot neprotinaji nulu.
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Obréazek 2.4: Prubéh funkce (1.10) pro antismetrické médy

2.2 Ortotropni deska

Disperzni vztahy pro obecny thel $ifeni ¢ v ortotropni desce jsou dany vztahy (1.67) a (1.68).

10000

— — — fale$né kfivky
fez pro dané kd

8000

6000

v [m/s]

4000F

2000

Obrazek 2.5: Disperzni kiivky pro symetrické médy v ortotropni desce a smér siteni 30°

Pribéh vypoctenych disperznich vétvi pro smér sifeni ¢ = 30° pro symetrické médy ortotropni
desky je zndzornén na obr. 2.5. Material pouzity pro vypocty (uhlikovy kompozit) mél nésle-
dujici parametry: ¢;; = 128.2 GPa, coo =33 =14.95 GPa, ¢4y =3.81 GPa, c55 =6 =6.73 GPa,
c12 = c13 = 6.9 GPa, 3 = 7.33 GPa a p = 1580 kg/m?, [20]. Na tomto obrazku je zajimavy
predevsim vyskyt dvou bezdisperznich kiivek (vykresleny ¢arkované). Tyto kfivky se kiizi s
ostatnimi, coz je v rozporu s teorii. Jelikoz nas zajimala pfic¢ina jejich vzniku, vykreslili jsme
si do obr. 2.6 levou stranu rovnice (1.67); Sipkami je zvyraznéna poloha falesnych kofenti. Z
obrazku je vidét, ze na rozdil od pfipadu izotropni desky, kde se funkce nuly dotkla, zde ji
protina. Proto numericky program bez problémii prisecik s nulou detekoval jako platny koren
disperzni krivky. Museli jsme proto hledat néjakou jinou metodu jak odstranit tyto falesné ko-
feny. Vykreslili jsme si tedy v jejich okoli priubéhy proménnych Cy, Cp a C¢ z rovnice (1.67),
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Obréazek 2.6: Prubéh funkce (1.67) pro symetrické médy pro ortotropni desku pro ¢ = 30°

viz obr. 2.7 a 2.8 (redlna ¢ast je vykreslena ¢erné, imaginarni $edé). Z obrazkl je patrné, ze
v mistech falesnych kofenti jsou vSechny tii proménné Cy, C'g i Cc rovny nule a proto je splnéna
rovnice (1.67). Z téchto divodl byl program doplnén o zachytévani falesnych kotfent, které je
zalozeno na detekci nulovosti proménnych C'y, Cp a C¢. Néslednou analyzou jsme zjistili, ze
vychylky pro symetrické mody v téchto falesnych kofenech jsou nulové.

Pribéh vypoctenych disperznich vétvi pro antisymetrické moédy ortotropni desky pro smér
siteni ¢ = 30° je znézornén na obr. 2.9. Na tomto obrazku se vyskytuje pouze jedna bez-
disperzni kiivka. Tato kiivka se opét kiizi s ostatnimi. Na obr. 2.10 je vykreslena leva strana
rovnice (1.68). Z obrazku je opét vidét, ze zde funkce nulovou hodnotu protina. Stejné jako v
pripadé symetrickych médi je tento falesny kofen zptisoben nulovosti vsech tii proménnych Cy,
Cp a Cg, viz obr. 2.8. Naslednou analyzou jsme zjistili, ze i vychylky pro antisymetrické mody
v tomto falesném kofenu jsou nulové.

5 T T T T T T T
. / '
. 7
0 e 4
- - - . : -
- 7
7
Ve Ca
7 -~ ~0Cs
7
7 == CC
_5 1 / 1 1 1 1 1 1
1600 1700 1800 1900 2000 2100 2200 2300 2400

v [m/s]

Obrazek 2.7: Pribéhy parametri C's, C'g, Cc pro ortotropni desku pro ¢ = 30°
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Obrazek 2.8: Pribéhy parametri C'y, Cg, Cc pro ortotropni desku pro ¢ = 30°
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Obrézek 2.9: Disperzni kiivky pro antisymetrické médy v ortotropni desce a smér Siteni 30°

h \J
31 x
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Obréazek 2.10: Prubéh funkce (1.68) pro antisymetrické médy pro ortotropni desku pro ¢ = 30°
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3 Vypisy programii - Maple

3.1 Christoffel_cubic_ortho.mw

V tomto souboru je odvozen tvar Christoffely rovnice, tvary jejich kofenii a polarizaci parciadlnich
vln pro kubickou a ortotropni desku. Tento soubor je vytvoren systémem pro symbolické vypocty
Maple, [1]

Pro kubickou desku a smér Sifeni ¢ = 0° jsou to rovnice (1.14) az (1.21), smér Sifeni ¢ = 45°
rovnice (1.26) az (1.33) a pro obecny smér Sifeni rovnice (1.38) a (1.39).

V pfipadé ortotropni desky jsou zde odvozeny pro smér Siteni ¢ = 0° rovnice (1.43) az (1.50),
smér §ifeni ¢ = 90° rovnice (1.54) az (1.61) a pro obecny smér §ifeni rovnice (1.65) a (1.66).
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Determinant charakteristické rovnice vede na bikubickou rovnici pro lz.
Nalezeni koeficientl této bikubické rovnice. Ty budou dale pouzity ve funkcich Fortho_fi.m

> restart;

> #material:= cubic;
material:= ortotropic;
smer:=phi;
#smer:=0; # (100)
#smer:=Pi/4; # (110) - cubic
#smer:=Pi/2; # (010) - ortotropic

* podle zvoleného materidlu a sméru se tu zobrazi jedna z moznosti:

material := cubic material == cubic material := cubic
smer = ¢ smer =0 smer = ;117r
material := ortotropic material := ortotropic material := ortotropic
smer = ¢ smer =0 smer =17

2
Vytvoteni Christoffelovy matice ve shodé s ¢lankem [21]:

> with(LinearAlgebra):

> Kmat := <<kx, 0, 0>|
<0, ky, 0>
<0, 0, kz>|
< 0, kz, ky>|

<kz, 0, kx>|
<ky, kx, 0>>:
> ky :=0: kz := kxx*lz: kx := 1:

Tenzor elastickych moduli

> if material = cubic then

dd := <<c[1,1], cl1,2], c[1,2], 0, 0, 0>
<c[1,2], cl1,1], cl1,2], 0, 0, 0>
<c[1,2], cl1,2], cl1,1], 0, 0, 0>
< 0, o, 0, cl4,4], 0, 0>
< 0, 0, 0, 0, cl[4,4], 0>|
< 0, 0, 0, 0, 0, cl[4,4]>>:

else

dd := <<c[1,1], c[1,2], c[1,3], 0, 0, 0>
<cl[1,2], cl[2,2], cl[2,3], 0, 0, 0>
<c[1,3], c[2,3], cl[3,3], 0, 0, 0>
< 0, 0, 0, cl4,4], 0, 0>
< 0, 0, 0, 0, c[5,5], 0>
< 0, 0, 0, 0, 0, cl[6,6]>>:

end if:

Matice transformace soustavy soutadnic dle [2] (str. 294 - Sestirozmérny prostor).
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> alU := Transpose(<<a[1,1]1"°2, a[1,2]"2, a[1,3]1"2>]|
<al2,1]1°2, al2,2]"2, al2,3]"2>]
<a[3,1]1°2, al3,2]"2, al3,3]"2>>):
aRU := 2*Transpose(<<al[1,2]*a[1,3], al[1,3]*al1,1], al1l,1]*a[1,2]>|
<a[2,2]*al[2,3], al[2,3]*a[2,1], al[2,1]1*a[2,2]>|
<a[3,2]*al[3,3], al3,3]*al3,1], al3,1]1*al[3,2]>>):
alB := Transpose(<<a[2,1]*a[3,1], al[2,2]*a[3,2], al[2,3]*al[3,3]>|

<al[3,1]*al1,1], al3,2]*al1,2], al3,3]*al[1,3]>]|
<a[1,1]1*a[2,1], al1,2]1*a[2,2], al1,3]*al[2,3]>>):
aRB := Transpose(
<<a[2,2]*a[3,3]+a[2,3]*al[3,2], al2,1]1*a[3,3]+a[2,3]*al[3,1],
al2,2]*a[3,1]+a[2,1]1*a[3,2]>]
<al[1,2]*al[3,3]+al1,3]1*al[3,2], al1,3]*al[3,1]+al1,1]1*a[3,3],
all,1]*a[3,2]+al[3,1]*al[1,2]>]|
<al1,2]*a[2,3]+al1,3]1*al[2,2], al1l,3]*a[2,1]+al[1,1]1*a[2,3],
al1,11*a[2,2]+a[1,2]*a[2,1]1>>):
aa := <<alU, alLB>|<aRU, aRB>>:

Rotace okolo osy z.

> a := <<cos(f), -sin(f), 0>|
<sin(f), cos(f), 0>|
< 0, 0, 1>>:

Rotovanéd matice

> d_rot := Multiply(Multiply(aa,dd),Transpose(aa)):
d_rot := Map(simplify,d_rot): f:=smer:

Charakteristicka rovnice : Christoffelova matice - rho * v?

> ChM := Multiply(Multiply(Kmat,d_rot) ,Transpose(Kmat))
-Multiply(rho*v~2,IdentityMatrix(3)):

ChM.
Pro smér ¢ predpokladdme ChM v nésledujicim tvaru: (pofadi g je takové, aby odpovidalo
publikacim [7], [8] a [12])

> material:=material; smer:=smer;
if smer = phi then
if material = cubic then
K_a:=factor(select(has,ChM[1,1],co0s8));
ChM := algsubs(K_a=K_A,ChM):
K_b:=(ChM[1,2]);
ChM := subs(K_b=K_B,ChM);
print (’ChM’=ChM) ;
print (K_A=simplify(K_a));
print (K_B=simplify(K_b));
else
N:=<<1z"2*g[9]+g[10] |1z~ 2xg[5]+g[7]|1z*g[6] >,
<1z~ 2xg[5]+g[7] |1z~ 2*g[1]+g[3] |1z*g[4] >,
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<lzxg[6] | 1zxg [4] |1z~2+g[8]+g[2]>>;
print (’N’=N);
end if;
else ChM:=ChM;
end if;

* podle zvoleného materidlu a sméru se tu zobrazi jedna z moznosti:

material := cubic

smer = ¢
K A+c g+ 12%cyq—po? K_B lzcio+1zcan
ChM = K_B ~K A= pv?+ (I2° +1) caa 0
lzcio+lzcyn 0 12211 + caq — pv?

K,A = —2 (-CLQ - 2 C4,4 + 01,1) Sin(¢)2 COS(¢)2
K_B=—(2cos(¢)® — 1) cos(¢) (—c12— 2caa+ c1,1) sin(¢)

* nebo:
material := cubic
smer ;=0
e+ 122 cyq — po? 0 lzcia+ lzcyn
ChM = 0 122 Caa+ Caq — pv? 0
lzcio+lzcyn 0 2% 11 + caq — pv?
* nebo:
material := cubic
smer ;= — T
4
1 1 12 2 0 I I
5C1,1 T 5C2+ Caa+ 27 Caqa— pU ZC1o+ lzcCya
ChM = 0 122 Cq4 + %6171 — %6172 — p?J2 0
2
lzcio+ lzcya 0 lz%ciq + caq — pv?
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* nebo:

material := ortotropic

smer = ¢

g9+ g0 Pgs+gr  lzge

N:=| IZ°g5 + g7 2% g1+ g3 12 ga
lz gg lz g4 12* gs + g2
* nebo:
material := ortotropic
smer =0
c11+ 12* Cs5 — pv? 0 lzcis+lzess
ChM = 0 lz2 Cq.4 + Ce,6 — pv2 0
lzcis+1lzess 0 12* c33+ Cs55 — pv?
* nebo:

material := ortotropic

1
smer i= o m
Con + 122 cyq — pv? 0
ChM = 0 122 cs5.5 + c6 — pv?
lzcog+ lzcan 0

Soucin Christofellovy matice s vektorem «

> Alpha:=Vector(3,symbol=alpha):
if material = ortotropic and smer = phi then
ChM_alpha:=(Multiply (N,Alpha)):
else
ChM_alpha:=(Multiply(ChM,Alpha)):
end if:

Reseni Christoffelovy rovnice - nalezeni tvaru pro «.

> material:=material; smer:=smer;
eq:=Equate(ChM_alpha,Vector(3)):
if material = cubic then
if smer = phi then
alpha[1]:=1:
alpha[2] :=solve( eq[2],alphal2]):
alpha[3]:=solve( eql[3],alphal3]):
for i in [1,3,5] do
alphal[1,i] :=subs(1lz=1z[i],Alphal1]);

30

lzcos+1zcaa
0

2
l2" 33+ Cau — pv?



alphal[2,i] :=subs(1z=1z[i],Alpha[2]);
alphal[3,i] :=subs(1z=1z[i],Alpha[3]);
end do:
else
alpha[1] :=-denom(solve( eq[1],alphal[3]));
alpha[2] :=solve( eql[2],alphal2]);
alpha[3] :=solve( eql[1],alphal3]);
if smer = Pi/4 then
alpha[1] :=factor(alphal[1]/2);
alpha[3] :=expand(alphal[3]/2);
end if;
for i in [1,3] do
alphal[1,i] :=subs(1lz=1z[i],Alphal1l]);
alphal[2,i] :=subs(1z=1z[i],Alpha[2]);
alphal[3,i] :=subs(1z=1z[i],Alpha[3]);
end do:
alphal[1,5]:=0; alphal[2,5]:=1; alphall[3,5]:=0;
end if:
elif smer = phi then # material=ortotropic
alpha[1]:=1:
alpha[3]:=solve(eq[2],alphal3]):
alpha[2] :=solve(eq[3],alphal2]):
alpha[3] :=simplify(alphal3]):
Alpha:=Map(sort,Alpha*denom(alpha[2]),1z):
for i in [1,3,5] do
alphal[1l,i] :=collect(subs(lz=1z[i],Alphal1]),1z[i]"2);
alphal[2,i] :=collect(subs(lz=1z[i] ,Alpha[2]),1z[i]"2);
alphal[3,i] :=collect(subs(lz=1z[i],Alpha[3]),1z[i]"2);
end do:
else
alpha[1] :=-denom(solve(eq[1],alphal3]));
alpha[2] :=solve(eq[2],alphal2]);
alpha[3]:=solve(eql[1],alphal3]);
for i in [1,3] do
alphal[1l,i] :=collect(subs(lz=1z[i],Alphal1]),1z[i]"2);
alphal[2,i] :=collect(subs(lz=1z[i] ,Alpha[2]),1z[i]"2);
alphal[3,i] :=collect(subs(lz=1z[i] ,Alpha[3]),1z[i]"2);
end do:
alphal[1,5]:=0; alphal[2,5]:=1; alphall[3,5]:=0;
end if:
if smer = phi then
for i from 1 to 3 do
for j in [1,3,5] do
print(alphali,jl=alphalli,j]l);
end do:
end do:
else
for j in [1,3,5] do
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for i from 1 to 3 do
print(alphali,jl=alphalli,jl);
end do:
end do:
end if;

* podle zvoleného materidlu a sméru se tu zobrazi jedna z moznosti:

material := cubic
smer = ¢
11 = 1
Oé1,3 =1

s =1

K_B

—lzf Caa— Cau+ K A+ po?
K_B

—Zzg Cag — Cya+ K A+ po?
K_B

—lz% cau — caa+ K A+ po?

Qg1 =

Qg3 =

Qg5

lz1 (c12+ Ca4)
—lz% €11 — Cag+ pv?

lz3 (c12+ Ca4)
—lz; C11 — Caq + p0?

lz5 (c12+ Caa)

2
—lzz 11 — caq + po?

Q31 =

33 =

Q35 =

* nebo:

material := cubic

smer ;=10
a1y = —lzy (124 ca4)
Qg1 = 0

o 2 2
Q31 = C11 + lZl Cqa — PO
a3 = —lzs (12 + C14)
23 =0

_ 2 2
Q33 = C1,1 + lZ3 Cqa — PV

a5 = 0
azs =1
ags =0

32



* nebo:

* nebo:

* nebo:

material := cubic

1

smer = 3T
a1 = —lz1 (124 ca4)
Qg1 = 0

_ 1 1 2 2
31 = 5 C1,1 + 5 C1,2 + Cq4 + lZl Cqa — PV
a3 = —lzs (12 + C14)
a3 =0

_ 1 1 2 2
33 = 9 C1,1 + 5 C1,2 + Cq4 + l23 Cqa — POV

a5 =0
a5 =1
azs =0

material := ortotropic
smer = ¢
a1 =gsilet + (—93 + 9395 + 92 91) 127 + 92 93
13 = gs gllz§ + (=93 + 9593+ g2 01) lz§ + 9293
Q15 = gs gll2§ + (=93 + 9593+ g2 01) ZZ§ + 9293
g1 = —gs 951z} + (g6 9a — Gs 1 — G2 95) 123 — ga g1
Qo3 = —9s gslzs + (96 91 — g8 97 — G2 95) 125 — G2 g7
o5 = —0s gslzs + (g6 91 — s 97 — 92 g5) 122 — g2 g7
as1 = (9594 — 91 96) 123 + (97 94 — 93 96) 21
as3 = (95 94 — 91 96) lz§ + (9794 — 93 96) 23
ass = (9591 — 91 96) lzs + (97 94 — g3 9s) 25

material := ortotropic
smer =0
Q11 = (—01,3 - 05,5) lzq
Qg1 = 0
31 = C11 + lZ% Cs5 — pU2
Q3 = (—01,3 - 05,5) lz3

23 =0
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_ 2 2
Q33 = C1,1 + lZg Cs5 — PV

15 = 0
g =1
azs =0

* nebo:

material := ortotropic

Smer = 5T

N =

Q11 = (—02,3 - C4,4) lzq
Qg1 = 0
Q31 = C22 + lzf Cqq — puv?
Q13 = (—02,3 - 04,4) lz3
Qo3 = 0

_ 2 2
Q33 = C22 + lZ3 Cqq4 — PV

oy =0
Qg5 =1
azs =0

Pro i ={2,4,6} plati lz[i|=-1z[i-1] =

pro smér ¢: a[li]l= aofl,i-1], af2,]= a[2,i-1], a[3,i]= -a(3,i-1],

a pro sméry 0, 7/4 a 7/2: a[li]= -a[l,i-1], a[2,i]= «a[2,i-1], a[3,i]= «[3,i-1].

Tyto substituce jsou pouzity v dc_cubic_ortho.mw pii odvozovani disperznich vztahi.
Koeficienty a budou pouzity v Matlabu v cubic_fi.m a ortho_fi.m

Pro sméry 0, 7/4 a 7/2 rozklad ChM na dvé submatice M1, M2 = (anti-)symetrické médy a
SH mddy; posledni ¢len souc¢inu ChM _alpha je roven determinantu submatice M1 a ten musi
byt nulovy. Pro smér ¢ je ¢itatel prvniho ¢lenu souc¢inu ChM _alpha je roven determinantu
matice (ChM nebo N) a ten musi byt nulovy.

> if smer <> phi then
M1 := SubMatrix(ChM, [1,3],[1,3]):
M2 := SubMatrix(ChM, [2],[2]):
sdl:= Determinant (M1):
sd2:= Determinant (M2):
if material = cubic then
ChM_alpha[3] :=simplify(ChM_alpha[3]-sdl):
else
ChM_alpha[3] :=simplify(numer (ChM_alpha[3])-sd1l):
end if:
else
if material = cubic then
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det:=factor(Determinant (ChM)) ;
ChM_alpha[1] :=simplify (numer (ChM_alpha[1])-det):

else
ChM_alpha[1] :=simplify(numer (ChM_alpha[1])-Determinant(N)):
end if:
end if:
simplify(ChM_alpha) ; 0
0
0

Urceni hodnot g; az g1 pro ortotropni material a smér ¢

> if material = ortotropic and smer = phi then
cl1l :=ChM[1,1]:
g[9] :=coeff(c11,1z,2): A[1]:=NULL: A[2]:=NULL:
for i in op(gl[9]) do
if has(i,c[4,4]) then A[1]:=A[1],i ;
else A[2]:=A[2],i; end if

end do:
gla :=simplify(add(i,i=[A[1]11))+add(i,i=[A[2]]):
g[9] :=g9a:

g[10] :=coeff(c11,1z,0):
for i from 1 to 4 do A[i]:=NULL: end do:
for i in op(g[10]) do
if  has(i,c[1,1]) then A[1]:=A[1],i ;
elif has(i,c[2,2]) then A[2]:=A[2],i ;
elif has(i,rho) then A[3]:=A[3],i ;
else A[4]:=A[4],i; end if
end do:
glOa:=simplify(add(i,i=[A[1]]))+simplify(add(i,i=[A[2]]))
+simplify(add(i,i=[A[4]]))+A[3]:
gl[10] :=g10a:
4ok ok sk sk sk ok ok ok o o o ok ok sk sk sk sk ok o o o ok ok sk sk sk sk sk ok o o o ok ok ok sk sk sk sk ok ok o o o o ok ok sk sk sk sk ok ok o o ok
cl2 :=ChM[1,2]:
g[5] :=coeff(c12,1z,2):
gl7] :=coeff(c12,1z,0):
g7a :=algsubs(c[1,2]+2*c[6,6]-c[1,1]=pom,g[7]):
A[1]:=NULL: A[2]:=NULL:
for i in op(g7a)do
if has(i,pom) then A[1]:=A[1],i ;
else A[2]:=A[2],i; end if
end do:
g7b:=A[1]: g7c:=simplify(mul(i,i=[A[2]])):
A[1] :=NULL: A[2]:=NULL:
for i in op(g7b) do
if has(i,pom) then A[1]:=A[1],1i;
else A[2]:=A[2],i; end if
end do:
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g7d :=factor(add(i,i=[A[1]]))+simplify(add(i,i=[A[2]])):

pom :=c[1,2]+2*c[6,6]-c[1,1]:

gle :=gr7dxgT7c:

gl7] :=gT7e:

Fok ok ok Kok ook ok Kok oK o oK oK K oK oK ok oK K ok K oK K ok K ok ok ok Kok KoK o K ok o oK o Kok oK oK ok ok ok ok K ok
c13 :=ChM[1,3]:

gl[6] :=coeff(c13,1z,1):
for i from 1 to 3 do A[i]:=NULL: end do:
for i in op(gl6]) do
if has(i,c[2,3]) then A[1]:=A[1],i ;
elif has(i,c[4,4]) then A[2]:=A[2],i;
else A[3]:=A[3],i; end if
end do:
g6a:=simplify(add(i,i=[A[1]]1))+simplify(add(i,i=[A[2]]))+add(i,i=[A[3]1]):
A[1] :=NULL: A[2]:=NULL:
for i in op(g6a) do
if has(i,sin) then A[1]:=A[1],i ;
else A[2]:=A[2],i; end if
end do:
g6b:=simplify(add(i,i=[A[1]]))+simplify(add(i,i=[A[2]])):
g[6] :=gbb:
4ok ok sk sk sk ok ok ok o o o ok ok ok sk sk sk ok ok o o o o ok ok ok sk sk sk ok ok o o o ok ok sk sk sk sk ok ok o o o o ok ok sk sk ok ok ok o ok o ok ok
c22 :=ChM[2,2]:
gl[1] :=coeff(c22,1z,2) :A[1]:=NULL: A[2]:=NULL:
for i in op(gl1]) do
if has(i,c[5,5]) then A[1]:=A[1],i ;
else A[2]:=A[2],i; end if
end do:
gl1] :=simplify(add(i,i=[A[1]1]))+add(i,i=[A[2]]):
g[3] :=coeff(c22,1z,0): A[1]:=NULL: A[2]:=NULL:
for i in op(gl[3]) do
if has(i,cos) then A[1]:=A[1],i ;
else A[2]:=A[2],i; end if
end do:
gl3]:=simplify(add(i,i=[A[1]]))+simplify(add(i,i=[A[2]])):
ok sk ok ok ok ok sk ok sk sk sk sk sk sk sk sk sk sk sk ok sk sk okt ok sk ok sk sk sk sk sk sk ok sk ok sk ok sk sk sk sk sk sk sk sk sk sk sk ok ok sk ok ok ok ok ok ok ok ok ok
c23 :=ChM[2,3]:
gl[4] :=coeff(c23,1z,1):
gl4] :=factor(gl4l):
ok s o o o o ok ok sk ok sk sk sk sk sk sk sk sk ok ok sk stttk st sk sk sk s sk s o o ok o ok ok sk sk sk sk sk sk sk sk sk sk sk ok ok ok ok ok ok ok ok ok sk ok
¢33 :=ChM[3,3]:
g[8] :=coeff(c33,1z,2):
g[2] :=coeff(c33,1z,0) :A[1]:=NULL: A[2]:=NULL:
for i in op(gl[2]) do
if has(i,c[4,4]) then A[1]:=A[1],i ;
else A[2]:=A[2], i; end if
end do:
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gl2] :=simplify(add(i,i=[A[1]]))+add(i,i=[A[2]]):
print (simplify(N-ChM));
end if:

* pro ortotropni material a smér ¢ se zde zobrazi:

o O O
o O O
o O O

V [7], [8] a [12] je uveden tvar g[7] nasledovné:

> if smer = phi then
g_7:= sin(phi)*cos(phi)*
(cl1,2]-c[2,2]+2xc[6,6]+cos(phi) "2*(c[1,1]-2*c[1,2]+c[2,2]-4*c[6,6]));
simplify(g_7+gl[7]1);
end if;

* pro ortotropni materidl a smér ¢ se zde zobrazi:

9.7 :=sin(¢) cos(¢) (cr1a — can+2¢ce6+ (11 —2c19— 4o+ Caa) cos(d)?)
0

Tedy g7 = -g[7] = «[2,n] a a[3,n] pro n= 1,3,5 se v [7], [¢] a [12] od zdejsiho vyjidieni lisi
znaménkem u g_7.

> printlevel:=2:
if material = ortotropic and smer = phi then
for i from 1 to 10 do glil:=gl[i] end do;
end if;

* pro ortotropni materidl a smér ¢ se zde zobrazi:
2 . 2
g1 = cos(@)” caq +sin(¢) c5 5

g2 1= sin(¢)? caq + cos(¢)? 55 — pv°
g3 :=sin(¢)” cos(¢)? (cr1 — 2c12 — 4cge + C22) + Co6 — pU°
ga := cos(¢) sin(¢) (ca3 — 13+ €44 — C55)
gs := cos(®) sin(¢) (caa — c55)
g6 :=sin(¢)? (ca3 + caa) + cos(@)? (c13 — ¢s5)
g7 = — (—cos(®)? (—c11 + 12+ 2¢6) + sin(@)* (c12 +2¢65 — €22)) cos(¢) sin(¢)
gs = €33
go := sin(¢)? ey q + cos(¢)? cs5
g10 1= cos(@)* c1.1 + a2 sin(¢)! + 2 (c12 4 2¢6) cos(¢)” sin(p)® — pv?

Po upravach dostavame nasledujici tvary, ty jsou pouzity v Matlabu v ortho_fi.m
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> if material = ortotropic and smer = phi then
g[3] :=algsubs(c[1,1]-2%c[1,2]+c[2,2]-4*c[6,6]=Lambda[5],g[3]);
g[4] :=algsubs(c[4,4]-c[5,5]=Lambdal1],g[4]):
g[4] :=factor(algsubs(c[1,3]-c[2,3]=Lambdal2],g[4]));
g[5] :=algsubs(c[4,4]-c[5,5]=Lambdal1],g[5]);
g[7] :=algsubs(c[1,2]+2*c[6,6]-c[1,1]=Lambdal3],gl[7]):
gl[7] :=algsubs(c[1,2]+2%c[6,6]-c[2,2]=Lambda[4],g[7]);
end if:
if material = ortotropic and smer = phi then
for i in {3,4,5,7} do gli]:=gli] end do;
Lambda[1] :=c[4,4]-c[5,5];
Lambda[2] :=c[1,3]-c[2,3];
Lambda[5] := -(Lambda[3]+Lambdal[4]) ;
Lambda[3] :=c[1,2]+2*c[6,6]-c[1,1];
Lambda[4] :=c[1,2]+2*c[6,6]-c[2,2];
end if;

* pro ortotropni material a smér ¢ se zde zobrazi:

g3 = sin(¢)? cos(¢)? As + ce6 — pv?
gq = cos(¢) sin(¢p) (—As + Ay)

g5 := cos() sin(¢) Ay
g7 := —cos(¢) sin(¢) (sin(¢)? Ay — cos(¢)? Az)
A =0 — 55
Ay :=c13—ca3
As = —A3 — Ay
A3 = —ci1+cip+2c66

A4 = C12 — C22 + 206,6

Reseni charakteristické rovnice = vypodet determinantu
Pro sméry 0, 7/4 a 7/2 rozklad ChM na dvé submatice = (anti-)symetrické médy a SH médy
1. subdeterminant = 0 — symetrické a antisymetrické mody

> if smer <> phi then
d4:=coeff(sdl,1z,4);
d2:=coeff(sdl,1z,2);
d0:=coeff(sd1,1z,0);
print (*material’=material);
print (’ smer’=smer); print(M1=0);
if material = cubic then
if smer = 0 then
B[1] :=select(has,d2,{c[1,1],rho});
B[2] :=remove(has,d2,{c[1,1],rho});
B[1] :=factor(select(has,B[1],c[1,1]1))
+factor(remove(has,B[1],c[1,1])+c[4,4]"°2);
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B[2] :=factor(B[2]-c[4,4]"2);
print (1z"2=(-B+sqrt(B~2-4))/2/d4);
print (1z~2=(-B-sqrt(B~2-A4))/2/d4);
a:=factor(4+%d0x*d4) ;
b:=B[1]+B[2];
print (A=a);
print (B=b);

else
d4:=2%d4; d2:=2%d2; d0:=2%d0;
B[1] :=select (has,d2,rho);
B[2] :=remove(has,d2,{c[1,1]"2,rho});
B[3] :=select(has,d2,c[1,1]°2);
print (1z~2=(-B+sqrt (B"2-4*A*C))/2/A);
print (1z"2=(-B-sqrt (B~2-4%AxC))/2/A);
a:=d4;
b:=factor(B[1])+factor(B[2])+B[3];
c_print:=factor(d0));
print(A=a);
print (B=Db);
print (C=c_print);

end if;

print (simplify(d2-b));

else #ortotropic

for i from 1 to 3 do A[i]:=NULL: end do:

for i in op(d2) do
if has(i,c[3,3]) then A[1]:=A[1],i ;

elif has(i,v) then A[2]:=A[2],1i ;
else A[3]:=A[3],i; end if:
end do:

B[1] :=factor(add(i,i=[A[1]1]));
if smer=0 then
B[2] :=factor(add(i,i=[A[2]])+c[5,5]"2);
B[3] :=factor(add(i,i=[A[3]])-c[5,5]"2);
else
B[2]:=factor(add(i,i=[A[2]])+c[4,4]"2);
B[3] :=factor(add(i,i=[A[3]])-c[4,4]"2);
end if;
print (1z"2=(-B+sqrt (B~2-A4))/2/d4);
print (1z~2=(-B-sqrt(B~2-4))/2/d4);
a:=4xd4xfactor(dO);
b:=B[1]+B[2]+B[3];
print (A=a);
print (B=b);
end if:
else
det := factor(Determinant (ChM)):
end if:
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* podle zvoleného materidlu a sméru se tu zobrazi jedna z moznosti:

material = cubic

smer =0
e+ 122 cqq — po? lzcio+lzcyn
=0
Iz C1,2 + lz Cq4 lZ2 C1,1 + Cqa — pU2

2 _1-B+VB -4
25 = =

2 C1,1C4.4
1,2 1-B-—vB2—-A
25 = =

2 C1,1C4.4

A=14 (—04,4 + PU2) (—01,1 + PUQ) C1,1Ca4
B = —ci; (—01,1 + ,01)2) — C4y4 (—04,4 + pUQ) —(c12 + C4,4)2

0
* .
e material = cubic
smer = -
Lo+ S+ caa+ 12 e — po? lzcra+ 1z can
lzcig+lzcaa 12> c11+ Caq — pv? =0
L2 1-B+ VB2 —4AC
2 A
L2 L =B- VB2 —4AC
2 A
A=2ci1c44
B=—2v?p (cga+ci11)+ (cro+2csq) (11 —2c12) + cil
C = (—0474 + pvz) (2p1)2 —C11—Clo — 20474)
0
* nebo:

material = ortotropic

smer =0
e+ 122 55 — po? lzcis+ lzcs s
=0
Iz C1,3 + lz C55 lZ2 C3.3 + Cs5 — pUz

o _1-B+VET—A
25 = =

2 C55C33
1,2 1-B-vB2—-A
25 = =

2 C5,5C3.3
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A=4dcs5c33 (—01,1 + /“)2) (—05,5 + PU2)

B=—c33 (—ci1+pv?) —cs5 (—cs5 + pv?) — (crs + c55)°

* nebo:
material = ortotropic

1
smer = =
2
Coo + 122 cyy — pov? lzcog+lzcyn
=0
lz C2.3 + Iz Cq4 lZ2 C3.3 + Cqa — p?)2
o _1-B+VET—A
25 ==
2 C44C33
1,2 1-B—-vB2—-A
25 ==
2 C4,4C33

A=4dcyqc33 (—04,4 + PU2) (—02,2 + PUQ)

B = —c33 (—02,2 + ,0112) — C44 (—04,4 + PUZ) — (co3+ C4,4)2

2. subdeterminant = 0 — SH madédy

> if smer <> phi then
print(’material’=material);
print (’smer’=smer) ;
print (M2=0);
if material = cubic and smer = O then
print (expand(isolate(Determinant (M2)=0,1z"2)));
else
print(isolate(Determinant(M2)=0,1z"2));
end if;
end if;

* podle zvoleného materidlu a sméru se tu zobrazi jedna z moznosti:

material = cubic
smer =0
[lz2 Caq+ Cag — pvﬂ =0
puv’

2= —1+°—
Cq4

* nebo:
material = cubic

1
smer = —T
4
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1
2 2
lzlc474—|——0171——01,2—pv =0

2 2
1 1 2
5  T5CL1t5C2+pU
lz° =
Ci4
* nebo:
material = ortotropic
smer =0
2 2
|:lZ Cq4 + Ce6 — PV } =0
s —Cos+ pv°
lzf = ———
Ca.4
* nebo:

material = ortotropic
1

smer = — T

2
[ZZQ C55 + Ce,6 — ,002} =0

12 — —co6 + pv?

C55

ReSeni pro smér ¢: determinant = 0 — symetrické a antisymetrické médy
Ze vzniklé bikubické rovnice ziskame ¢leny u koeficientu 6., 4., 2. a 0-tého radu.

V nésledujicim pouzijeme tyto substituce (pro ortotropni materil):
p[l]:=c[1,1]/c[3,3]: p[2]:=c[2,2]/¢c[3,3]: p[3]:=c[1,2]/c[3,3]: p[4]:=c[4,4]/c[3,3]:
p[5]:=c[5,5]/c[3,3]: p[6]:=c[6,6]/c[3,3]: p[7]:=c[1,3]/c[3,3]: p[8]:=c[2,3]/c[3,3]:

> if smer = phi then
print(’material’=material);
print (’smer’=smer) ;
print (A*1z"6+B*1z~4+C*1z~2+D=0) ;
if material = cubic then
unprotect (D) ;
K_6 := coeff(det,1z,6):

K_4 := factor(coeff(det,1z,4));
K_2 := coeff(det,1z,2):
K_0 := coeff(det,1z,0):

ok sk o o o ook ok sk ok sk sk sk sk sk sk sk sk sk sk ok ok ok okt ke ks sk sk sk sk sk ko o o ok ok sk ok sk sk sk sk sk sk sk sk sk ok ok ok ok ook ok
A[1] :=select(has,K_4,rho); A[2]:=remove(has,K_4,rho);

A[3] :=factor(select(has,remove(has,A[1],rho),c[4,4]));
A[4] :=factor(select(has,A[1],rho));

A[5] :=remove(has,A[1] ,{rho,c[4,4]});

B:=add(-A[i],i =3..5)*(-A[2]);

ok sk ok o sk o sk ok sk sk sk sk sk sk sk sk sk sk sk ok sk ok sk ok ok kst sk sk sk sk sk ok sk ok sk ok ok sk sk sk sk sk sk sk sk sk sk sk ok ok ok ok ok ok ok
A[1] :=factor(select(has,K_2,rho"2));

A[2] :=factor(select(has,K_2,{K_A"2,K_B"2}));
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A[3] :=factor(select(has,K_2,{c[1,2]1°2,c[1,1]1°2})):
A[3] :=simplify(remove(has,A[3],K_A))*select(has,A[3],K_A);
A[4] :=remove(has,K_2,{rho"2,K_A"2,K_B"2,c[1,2]"2,c[1,1]1"2}):
A[5] :=select(has,A[4] ,{K_A,rhol}):
A[5] :=factor(remove(has,A[5],c[1,2]))+factor(select(has,A[5],c[1,2]));
A[6] :=factor (remove (has,A[4],{K_A,rho}));
C:=add(A[i],i in {1,5,3,2,6});
ok sk o o o ook o sk ok sk sk sk sk sk sk sk sk sk sk ok ok ok okt okt ke sk sk s sk ko ook ok ok sk sk sk sk sk sk sk sk sk sk sk ok ok ok ok ook ok
A[1] :=select(has,K_0,v"6):
A[2] :=factor(select(has,K_0,v"4)):
A[3] :=factor(select (has,K_0,{K_A,K_B})):
A[3] :=(factor(select(has, (select(has,A[3],K_A),K_A)))
+remove (has, (select(has,A[3] ,K_A) ,K_A)))*remove(has,A[3] ,K_A):
A[4] :=remove(has,K_0,{v"6,v"4,K_A,K_B}):
A[4] :=factor(select(has,A[4] ,rho))+factor(remove(has,A[4] ,rho)):
D:=add(A[i], i=1..4);
print (’A’=K_6);
print (’B’=B);
print (°C’=C) ;
print (’D’=D);
else # material = ortotropic

aC_6:= simplify(coeff(det,1z,6)/c[3,3]173):
C_6 := algsubs(c[4,4]1/c[3,3]=p[4],aC_6):
C_6 := algsubs(c[5,5]/c[3,3]=p[5],C_6);

print (’A’=C_6) ;
ok Kok Kok Kok Ko K o KKK KKK KKK KKK KKK KKK KK KoK K oK K ok K ok K ok K ok ok K ok K o
C_4:= expand(simplify(coeff(det,1z,4)/c[3,3]173)):
C_4:=expand(algsubs(c[1,1]/c[3,3]=p[1],C_4)):
C_4:=expand(algsubs(c[2,2]/c[3,3]=p[2],C_4)):
C_4:=expand(algsubs(c[4,4]/c[3,3]=p[4],C_4)):
C_4:=expand(algsubs(c[5,5]/c[3,3]=p[5],C_4)):
C_4:=expand(algsubs(c[6,6]/c[3,3]1=p[6],C_4)):
C_4:=expand(algsubs(c[1,3]/c[3,3]=p[7],C_4)):
C_4:=expand(algsubs(c[2,3]/c[3,3]=p[8],C_4)):
C_4:=expand(algsubs(rho*v~2/c[3,3]=chi~2,C_4)):
for i from 1 to 3 do A[i] :=NULL: end do:
for i in op(C_4) do

if has(i,chi) then A[1]:=A[1],i ;

elif has(i,cos) then A[2]:=A[2],1i ;

else A[3]:=A[3],i; end if
end do:
for j from 1 to 3 do B[j]:=simplify(add(i,i=[A[j]])) end do:
r_chi:=factor(B[1]): r_c:=B[2]/cos(phi)"2+B[3]: r_s:=B[3]:
for i from 1 to 2 do A[i]:=NULL: end do:
for i in op(r_c) do

if has(i,{p[1],p[6]}) then A[1]:=A[1],1;

else A[2]:=A[2],i; end if
end do:
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for j from 1 to 2 do B[j]:=factor(add(i,i=[A[j]])) end do:
r_c:=(B[1]+B[2])*cos(phi)"2:
for i from 1 to 2 do A[i]:=NULL: end do:
for i in op(r_s) do

if has(i,{p[2],p[6]}) then A[1]:=A[1],1;

else A[2]:=A[2],i; end if
end do:
for j from 1 to 2 do B[j]:=factor(add(i,i=[A[j]])) end do:
r_s:=(B[1]+B[2])*sin(phi) "2:
ql:=p[81*(p[81+2%p[4]1); q2:=p[71*(p[7]1+2*p[5]1);
print(’q[1]’=ql); print(’ql2]’=q2);
r_4s:=subs(p[8]+2*p[4]=qqll] ,r_s): r_4s:=algsubs(p[8]*qqll]l=q[1],r_4s):
r_4c:=subs(p[7]+2*p[5]=qq[2] ,r_c): r_4c:=algsubs(p[7]*qql2]=q[2],r_4c):
C4:=r_4s+r_4c+r_chi;
print (’B’=C4);
B_4:=eval(C4, [q[1]=q1,q[2]=qg2]):
C_4:=B_4:
Bk Kok ok ok Kok Kok ok ok oK ok oK ok oK o oK oK oK oK KK K KK K K KoK KoK KoK oK K oK o ok Kok K ok K ok K ok K ok K o
C_2:=expand(simplify(coeff (det,1z,2)/c[3,3]°3)):
C_2:=expand(algsubs(c[1,1]/c[3,3]=p[1],C_2)):
C_2:=expand(algsubs(c[2,2]/c[3,3]1=p[2],C_2)):
C_2:=expand(algsubs(c[1,2]/c[3,3]1=p[3],C_2)):
C_2:=expand(algsubs(c[4,4]/c[3,3]=p[4],C_2)):
expand (algsubs(c[5,5]/c[3,3]=p[5],C_2)):
expand (algsubs(c[6,6]/c[3,3]1=p[6],C_2)):
expand (algsubs(c[1,3]/c[3,3]=p[7],C_2)):
expand (algsubs(c[2,3]/c[3,3]=p[8],C_2)):
C_2:=expand(algsubs(rho*v~2/c[3,3]=chi~2,C_2)):
for i from 1 to 2 do A[i] :=NULL: end do:
for i in op(C_2) do

if has(i,p[5]) then

if has(i,p[4]) then A[1]:=A[1],i ;else A[2]:=A[2], i end if

else A[2]:=A[2], i; end if
end do:
for j from 1 to 2 do B[jl:=add(i,i=[A[j]]) end do:
C2_p[5]lp[4]:=factor(B[1])/p[5]/p[4]: C2_b:=B[2]:
for i from 1 to 5 do A[i] :=NULL: end do:
for i in op(C2_p[5]1p[4]) do

if has(i,p[1]) then A[1]:=A[1],i ;

elif has(i,p[2]) then A[2]:=A[2],i ;

elif has(i,p[3]) then A[3]:=A[3],i ;

elif has(i,p[6]) then A[4]:=A[4],i ;

else A[5]:=A[5],i; end if
end do:
for j from 1 to 5 do B[j]:=simplify(add(i,i=[A[j]])) end do:
print(°S_4_21’=B[1]+B[2]);
r_1:=factor(B[3]+B[4])+S_4_21+B[5]:
ok ok ok ok ok ok ok Kok oKk o oK ok K oK Kok KoK Kok K oK K ok K oK Kk ok Kok K o K ok o K Kok oK Kok K oK Kok K ok K

C_2:
C_2:
C_2:
C_2:
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for i from 1 to 3 do A[i] :=NULL: end do:
for i in op(C2_b) do
if has(i,p[6]) then A[1]:=A[1],i ;
elif has(i,chi)then A[2]:=A[2],1i ;
else A[3]:=A[3],i; end if
end do:
for j from 1 to 3 do B[j]:=factor(add(i,i=[A[j]])) end do:
C2_pl[6]:=B[1]/p[6]: C2_chi:=B[2]/chi~2:
C2_sc:=simplify(B[3]/sin(phi) “2/cos(phi) ~2):
for i from 1 to 9 do A[i] :=NULL: end do:
for i in op(C2_p[6]) do
if has(i,chi) then
if has(i,p[4]) then A[1]:=A[1],i ; else A[2]:=A[2], i;end if
elif has(i,p[8]) then
if has(i/p[8]/sin(phi)~2,{p[4],p[8]1})then A[3]:=A[3],1;
else A[4]:=A[4],i;end if
elif has(i,p[1]) then A[5]:=A[5],i ;
elif has(i,p[4]) then A[6]:=A[6],i ;
elif has(i,p[2]) then A[7]:=A[7],i ;
elif has(i,p[7]) then A[8]:=A[8],i ;
else A[9]:=A[9],i; end if
end do:
for j from 1 to 9 do B[j]:=simplify(add(i,i=[A[j]])) end do:
B[421]:=B[5]+B[7]: #S_4_21 =B[421];
B[245] :=p[4]*sin(phi) “2+cos(phi) "2+p[5]: #S_2_45 =B[245];
q4:=p[5]1*p[8]+p[7]1*p[8]+p[4]1*p[7];
print (’S_2_45’=B[245]); print(’q4’=q4);
r_2a:=subs(p[8]+2*p[4]1=qq[1],B[3]): r_2a:=algsubs(p[8]*qqlll=q[1],r_2a):
r_2b:=subs(p[7]+2*p[5]=qq[2],B[8]): r_2b:=algsubs(p[7]*qql[2]=q[2],r_2b):
r_2c:=algsubs(p[6]*p[8]+p[7]*p[8]+p[4]*p[7]=q[4],factor(B[4]+B[6]+B[9])):
r_2d:=algsubs(p[4]*sin(phi) "2+cos(phi) "2xp[5]=S_2_45,factor(B[1]+B[2])):
r_2:=5_4_21+r_2a+r_2c+r_2b+r_2d:
Bk Kok sk ok ok ok K ok ok ok ok ok ok ok oK ok oK o oK oK KK K KKK K KK KoK KoK KoK oK K oK ook o ok ok K ok ok K ok K o
for i from 1 to 5 do A[i] :=NULL: end do:
for i in op(C2_sc) do
if has(i,p[1]) then
if has(i,p[8]) then A[1]:=A[1],i ; else A[2]:=A[2],i ;end if
elif has(i,p[2]) then A[3]:=A[3],i ;
elif has(i,p[3]°2)then A[4]:=A[4],1 ;
else A[5]:=A[5],1i ;
end if
end do:
for j from 1 to 5 do B[j]:=factor(add(i,i=[A[j]])) end do:
q3:=B[2]+B[4];
print (°q[3]’=93);
r_a:=subs(p[8]+2*p[4]=qq[1],B[1]): r_sc_a:=algsubs(p[8]*qql[1l=q[1],r_a):
r_b:=subs(p[7]+2*p[56]=qq[2],B[3]): r_sc_b:=algsubs(p[7]*qql[2]=q[2],r_b):
r_sc_c:=algsubs(p[5]*p[8]+p[7]1*p[8]+p[4]1*p[71=q[4],B[5]):
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r_sc:=(q[3]+r_sc_at+r_sc_b+r_sc_c):
Bk Kok ok ok Kok K ok ok ok ok ok ok ok oK o oK o oK oK oK KK KKK K KK KoK KoK oK oK K oK o ok ok o ok K ok o ok K ok K o
C2_chi:
for i from 1 to 7 do A[i]:=NULL: end do:
for i in op(C2_chi) do

if has(i,chi)then A[1]:=A[1],i ;

elif has(i,p[7]) then A[2]:=A[2],i ;

elif has(i,p[8]) then A[3]:=A[3],i ;

elif has(i,p[4]) then A[4]:=A[4],i ;

elif has(i,p[5]) then A[5]:=A[5],i ;

elif has(i,p[1]) then A[6]:=A[6],1 ;

else A[7]:=A[7],i ;

end if
end do:
for j from 1 to 7 do B[j]:=simplify(add(i,i=[A[j]])) end do:
B[221]:=-(B[6]+B[7]): #S_2_21 =B[221];
print (’S_2_21’=B[221]);
r_3a:=subs(p[8]+2*p[4]1=qq[1],B[3]): r_3a:=algsubs(p[8]*qqlll=q[1],r_3a):
r_3b:=subs(p[7]+2*xp[5]=qq[2] ,B[2]): r_3b:=algsubs(p[7]*qq[2]=q[2],r_3b):
r_3 :=collect(r_3a+B[5],sin(phi)~"2)+collect (r_3b+B[4],cos(phi)"2)

-S_2_21+factor(B[1]):
Bk ok ok ok ok Kok K ok K ok oK ok oK ok oK ok oK o oK oK K K K K KK K KK KK KoK KoK oK oK oK ok ook K ok ok K ok K o
C2:=r1xp[4]*p[6]+p[6]*r2+r[sc]*sin(phi) "2*cos(phi) "2+r3*chi~2;
print(’C’=C2); print(’r[1]’=r_1); print(’r[2]’=r_2);
print (°r[3]’=r_3); print(’r[sc]’=r_sc);
r{1]:=r_1; r[2]:=r_2; r[3]:=r_3; rlscl:=r_sc;
B_2:=eval(C2, [S_4_21 =B[421],S_2_21 =B[221],S_2_45 =B[245],
ql1l=q1,q[2]1=92,q[3]1=q3,q[4]1=q94]):

C_2:=B_2:
ok Kok Kok Kok K o K oK o KooK oK oK oK K K K K KK KoK KK K KK K K KoK oK K oK K ok K ok K ok K ok K ok K ok K o
C_0:=expand(simplify(coeff(det,1z,0)/c[3,3]1°3)):
C_0:=expand(algsubs(c[1,1]/c[3,3]1=p[1],C_0)):
C_0:=expand(algsubs(c[2,2]/c[3,3]=p[2],C_0)):
C_0:=expand(algsubs(c[1,2]/c[3,3]=p[3],C_0)):
C_0:=expand(algsubs(c[4,4]/c[3,3]=p[4],C_0)):
C_0:=expand(algsubs(c[5,5]/c[3,3]=p[5],C_0)):
expand (algsubs(c[6,6]/c[3,3]1=p[6],C_0)):
expand(algsubs(c[1,3]/c[3,3]1=p[7],C_0)):
expand (algsubs(c[2,3]/c[3,3]=p[8],C_0)):
C_0:=expand(algsubs(rho*v~2/c[3,3]=chi~2,C_0)):
for i from 1 to 2 do A[i]:=NULL: end do:
for i in op(C_0) do

if has(i,chi) then A[1]:=A[1],i ;

else A[2]:=A[2],i; end if
end do:
for j from 1 to 2 do B[jl:=add(i,i=[A[j]]) end do:
CO_chi:=factor(B[1])/chi~2:
CO_b :=simplify(factor(B[2])/(cos(phi) "2*p[5]+sin(phi) ~2xp[4])):

C_0:
C_0:
C_0:
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for i from 1 to 2 do A[i] :=NULL: end do:
for i in op(CO_b) do

if has(i,p[6]) then A[1]:=A[1],i ;

else A[2]:=A[2],i; end if
end do:
for j from 1 to 2 do B[jl:=add(i,i=[A[j]]) end do:
CO_pl[6] :=factor(B[1]/p[6]):
CO_c :=simplify(factor(B[2])/(p[1]1*p[2]-p[3]1°2))*(p[11*p[2]-p[3]1°2):
for i from 1 to 3 do A[i]:=NULL: end do:
for i in op(CO_p[6]) do

if  has(i,p[3]) then A[1]:=A[1],i ;

elif has(i,p[1]) then A[2]:=A[2],i ;

else A[3]:=A[3],i; end if
end do:
for j from 1 to 3 do B[jl:=add(i,i=[A[j]]) end do:
C0_63:=simplify(B[1]/p[3])*p[3]: CO_61:=factor(B[2]/p[1])*p[1]:
C0_62:=simplify(B[3]/p[2])*p[2]:
B[421]:=C0_61+C0_62: S_4_21 =B[421]:
r_4a:=algsubs(p[1]*p[2]-p[3]~2=q[3],factor(p[6]*CO_63+CO_c)):
CO_d:=p[6]*S_4_21+r_4a:
r_4:=C0_d*x3_2_45:
Bk ok ok ok ok Kok K ok K ok oK ok oK ok oK ok oK o oK oK K K K K KK K KK KK KoK KoK oK oK oK ok ook K ok ok K ok K o
CO_chi:
for i from 1 to 7 do A[i]:=NULL: end do:
for i in op(CO_chi) do

if has(i,chi)then A[1]:=A[1],i ;

elif has(i,p[3]) then A[2]:=A[2],i ;

elif has(i,p[6]) then A[3]:=A[3],1i ;

elif has(i,p[4]) then A[4]:=A[4],i ;

elif has(i,p[5]) then A[5]:=A[5],i

else A[6]:=A[6],1i; end if
end do:
for j from 1 to 6 do B[j]:=simplify(add(i,i=[A[j]])) end do:
CO_chi2:=factor(B[1])/chi~2:
r_ba:=algsubs(p[1]*p[2]-p[3]~2=q[3],factor(B[2]+factor(B[6]))):
r_bb:=algsubs(sin(phi) "2*p[2]+cos(phi) "2xp[1]1=S_2_21,factor(B[4]+B[5])):
r_bb:=simplify(algsubs(sin(phi) "2*p[4]+cos(phi) "2*p[5]=S_2_45,r_5b)):
r_a :=r_batr_bb:
CO_e:=factor(B[3]):
for i from 1 to 3 do A[i] :=NULL: end do:
for i in op(CO_e/p[6]) do

if  has(i,p[4]) then A[1]:=A[1],1i ;

elif has(i,p[2]) then A[2]:=A[2],i ;

else A[3]:=A[3],i; end if
end do:
for j from 1 to 3 do B[j]:=simplify(add(i,i=[A[j]])) end do:
r_bc:=algsubs(sin(phi) "4*p[2]+cos(phi) “4xp[1]1=S_4_21,B[2] +expand(B[3])):
r_bc:=simplify(algsubs(sin(phi) "2*p[4]+cos(phi) "2*p[5]=S_2_45,r_5c+B[1])):
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r_5 :=r_a+p[6]*r_bc:
ok ok ok ok ok o ok ok K ok o oK o K ok oK oK o oK ok oK oK oK ok oK oK o oK ok oK oK ok ok K ok o oK o K ok o oK o oK ok o ok oK ok ok oK ok ok oK
for i from 1 to 2 do A[i]:=NULL: end do:
for i in op(CO_chi2) do

if has(i,{p[4],p[2]}) then A[1]:=A[1],i ;

else A[2]:=A[2],i; end if
end do:
for j from 1 to 2 do B[jl:=add(i,i=[A[j]]) end do:
r_chi:=algsubs(sin(phi) “2*p[2]+cos(phi) "2*p[1]=S_2_21,

expand (simplify(B[1])+collect(B[2],cos))):
r_chi:=algsubs(sin(phi) "2*p[4]+cos(phi) "2*p[5]=S_2_45,r_chi):
ok ok sk ok ok ok o ok ok K ok o ok ok K ok o oK o oK ok oK oK oK ok oK ok oK ok o oK ok ok K ok o ok o K ok o oK o sk ok oK ok oK ok ok ok ok ok oK
CO:=r4+(r5+r_chi*chi~2)*chi~2;
print (’D’=C0); print(’r[4]’=r_4); print(’r[5]’=r_5);
r[4] :=r_4; r([5]:=r_5;
B_0:=eval(CO, [S_4_21 =B[421],S_2_21 =B[221],S_2_45 =B[245],q[3]=q3]):
C_0:=B_0:
end if: end if:

* podle zvoleného materidlu a sméru se tu zobrazi jedna z moznosti:

material = cubic
smer = ¢

Al +Blz'+Cl>+ D=0
A=cy,y 042174
B=—(—csa (—2c10+ c11) + p0? (2c11 + can) + 5 — 1) caa
C=p*v* 2eaa+cry) —cn (KB2+ K A?) + (=, + ) (—pv® — K A+ caq)
—Ca4 (2p0* = K_A) (c11 + caa) +2caac10 (K A+ pv®) + ¢34 (—2c12+ 1)
D=—p*uS +p?0v* (2c4a+c11)+ (KA (K A+cyy—c11) — K B?) (caq — pv?)

2 2
—Cgapv° (2011 + Caa) +Cr1C]y

* nebo:

material = ortotropic
smer = ¢

A4+ Bl* +Cl>+ D=0
A = pyps
¢1 = ps (ps + 2pa)
G2 = pr (2ps + pr)
B =sin(¢)? (paps + paps — ps q1) + cos(d)? (psps + p1pa — paqz) — X* (Pa + ps + paps)
S_4.21 = cos(¢)* 1 + p sin(¢)?
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5245 = py sin(¢p)? + cos(¢)® ps
G4 = P5Ps + P7rPs + PapPr

43 = P1P2 — p%

S 221 = cos(¢)? p1 + po sin(¢)?

C =r1paps + pe 7o + Tse sin(@)? cos(¢)? + r3 x?

r1 =2 cos(¢)? sin(¢)* (ps +2ps) + 5421 — x?

ry =S 421 —sin(¢)* ¢1 + 2 sin(¢)? cos(¢)? (g4 — p3) — cos(@)* g2 — x? (1 + S_2.45)
s = (q1 — p2ps) sin(¢)® + (g2 — p1pa) cos(¢)® = S2.21 + x* (1 + pa + ps)
Tse = Q3 = P11 — P2G2 + 2P3 g4
D =rq+ (r5 +(52-21 + 5245 + ps — x*) x?) x*

ry = (ps S-421 —sin(¢)? cos(¢)? (2p3ps — q3)) S-2.45
rs = sin(¢)? cos(¢)? (2psps — q3) — S2.455 221 + pg (—S 421 — S 2.45)

Rovnice je fesena v matlabu numericky a s nasledujicimi tvary koeficienti:

> printlevel:=2:
if material = ortotropic and smer = phi then
A_4:=p[5]*(cos(phi)~2x(p[6]-2*p[4]*p[7])
+sin(phi) "2* (p[2]-p[8] "2-2*p[4] *p[8]) -chi~2*(1+p[4]))
+p[4]*(cos(phi) "2*(p[1]-p[7]~"2)+sin(phi) "2*p[6]-chi~2):
a_1:=p[4]*p[5]*(cos(phi) “4*p[1]+sin(phi) ~“4*p[2]
+2*xsin(phi) "2*cos(phi) "2*(p[3]+2*p[6])-chi~2):
a_2:=p[6]*p[8]*(-sin(phi) “4x*(2*xp[4]+p[8])
+2xsin(phi) "2*cos(phi) “2x(p[5]+p[7]1)):
a_3:=sin(phi) "2*cos(phi) "2* (2% (p[3]+p[6]) *p[4] *p[7]
+2x(p[6]1+p [7]1) *p[3]*p[8]+p[1]*p[2]-p[1]*p[8] "2
-2*p[3]*p[6]-p[2]*p[7]"2-p[3]~2):
a_4:=sin(phi) "2
* (= (2*cos(phi) "2xp [7]+chi~2) *p [2] *p [5]
-2%(cos(phi) "2*p[1]-chi~2)*p[4]*p[8]
+ sin(phi) “2xp[2]*p[6]+chi~2*(p[8] "2-p[4]*p[6]-p[2])):
a_b:=cos(phi) "2*(-(cos(phi) "2*p[6]-chi~2)*p [7]*(p[7]1+2xp[5])
-(1+p[4]) *p[1]*chi~2+p[1]*p[6]*cos(phi) "2):
6:=chi~2*(-cos(phi) "2*p[5]*p[6]-p[6]+chi~2*(p[4]+p[5]+1)):
2:=a_1+a_2+a_3+a_4+a_b+a_6:
1:=sin(phi) “2*cos(phi) "2
* (-2xsin(phi) ~2*p [3]*p[4] *p [6]
+(cos(phi) "2*p[6]+sin(phi) “2*p[2] -chi~2)*p [1]*p[4]
-2x(cos(phi) "2*p[5]-chi~2) *p [3] *p[6]
-(cos(phi) "2xp[5]+sin(phi) "2*p[4]-chi~2)*p[3]"2):
e_2:=sin(phi) "2
*(sin(phi) "2*(sin(phi) ~2*p[4]
+cos (phi) “2*p[5]-chi~2) *p [2] *p [6]
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+(chi~2-sin(phi) "2*p[2]-p[6]1)*p[4]*chi~2

-(cos(phi) "2x(p[1]1+p[5])-chi~2)*p[2] *chi~2):
e_3:=cos(phi) "2

*(cos(phi) "2*(sin(phi) “2*p[2] +cos(phi) “2*p[6]-chi~2)*p [1] *p[5]

+(chi~2-p[6])*p[6]*chi~2+(chi”“2-cos(phi) “2*p[6])*p[1]*chi~2):
e_4:=-chi~4*(chi~2-p[6]):
A_O:=e_1+e_2+e_3+e_4:
print (simplify(C_4-A_4));
print (simplify(C_2-A_2));
print (simplify(C_0-A_0));

end if:

* pro ortotropni materidl a smér ¢ se zde zobrazi:

o

> printlevel:=1:
material :=material; smer:=smer;
if smer = phi then
if material =ortotropic then
for i from 1 to 10 do
g_tmp[il:=gl[il;r_tmp[i]:=r[i];
unassign(’gli]’): unassign(’r[i]’):

end do:
rsc:=r[sc]: unassign(’r[sc]’):
end if:

for i from 1 to 3 do
for j in [1,3,5] do
print(alphali, jl=alphalli,jl);
end do:
end do:
if material =cubic then
print CK_A’=simplify(K_a));
print ("’K_B’=simplify(K_b));
print (’symetricke_a_antisymetricke_mody’) ;
print (’Ax1z~6+B*1z"4+C*1z"2+D=0") ;
print ("A’=K_6);
print (’B’=B);
print (’C’=C);
print (’D’=D);
else
print(’kde’);
for i from 1 to 10 do
print(glil=g_tmp[il);
end do:
print (’symetricke_a_antisymetricke_mody’) ;
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print (’Ax1z~6+B*1z"4+C*1z"2+D=0") ;
print (’kde’);
print (’A’=C_6);
print (’B’=C4);
print (°C’=C2);
print (’D’=C0);
print(’ql1]’=ql); print(’ql[2]’=q2); print(’ql[3]’=q3); print(’ql4]’=q4);
for i from 1 to 5 do
print(r[il=r_tmp[i]);
end do:
print(°r[sc]’= rsc);
print (’S_2_21’=B[221]); print(’S_2_45’=B[245]); print(’S_4_21’=B[421]);
end if:
else
for j in [1,3,5] do
for i from 1 to 3 do
print(alphali,jl=alphalli,jl);
end do:

end do:
end if:
if smer <> phi then
if material = cubic and smer = Pi/4 then
print (symetricke_a_antisymetricke_mody) ;
print (1z~2=(-B+sqrt (B~2-4xA*C))/2/A);
print (1z"2=(-B-sqrt (B~2-4xA*C))/2/A);
print (kde) ;
print (A=a);
print (B=b);
print (C=c_print);
else
print (symetricke_a_antisymetricke_mody) ;
print (1z"2=(-B+sqrt (B~2-A4))/2/d4) ;
print (1z~2=(-B-sqrt(B"2-A))/2/d4);
print (kde) ;
print (A=a); print(B=b);
end if:
print (SH_mody) ;
if material = cubic and smer = O then
print (expand(isolate(Determinant (M2)=0,1z"2)));
else
print (isolate(Determinant (M2)=0,1z"2));
end if:
end if:
if material=ortotropic and smer = phi then
pl1]:=c[1,1]1/c[3,3]: p[2]:=c[2,2]1/c[3,3]:
pl3]:=c[1,2]1/c[3,3]: pl4]:=c[4,4]1/c[3,3]:
pl5]:=c[5,5]/c[3,3]: pl6]:=c[6,6]/c[3,3]:
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pl7]:=c[1,3]1/c[3,3]: pl8]:=c[2,3]1/c[3,3]:

chi:=sqrt(rho*v~2/c[3,3]):

simplify(1z"6*C_6+1z"4*C_4+1z"2%C_2+C_0-det/c[3,3]173);
end if:

* podle zvoleného materidlu a sméru se tu zobrazi jedna z moznosti:

material := cubic
smer = ¢
o =1
a3 =1
ars =1
K B
o Cag — Caa+ K A+ po?
K B
—lzg Caa— Cau+ K A+ po?
K B
—lzg Caa— Cau+ K A+ po?

Qo1 =

Qg3 =

g5

lzl (61,2 + C474)

2
—lzic1q0 — caq + po?

Q31 =

l23 (6172 + C474)
2
—lz5c11 — caa + pv?

Q33 =
lZ5 (6172 + C474)
—lzg €11 — Caq + pv?
K A= -2 (—c19—2c44+ 1) sin(p)? cos(¢)?
K B =—(2cos(¢)? — 1) cos(¢) (—c12 — 2caq+ 1) sin(o)

Q35 =

symetricke_a_antisymetricke_mody
A+ BLE*+CL*+D =0
A=cy; 0374
B=—(—csa (—2c10+c11) +p0? (2c11 +can) + G5 — ) caa
C=p*v* (2eaa+crn) — g (K B2+ K A?) + (=i, + ) (—pv® — K A+ cyq)
—ca4 (2p0v* — K_A) (c11 + caa) +2c44¢10 (K A+ po?) + 0?174 (—2c10+c11)

D = —p3 UG -+ p2 U4 (2 Cq4 + 0171) + (K,A (—K,A + Cqa4 — 0171) — K,BQ) (C4’4 — p'UQ)
—C44 pU2 (2 C11 + C474) + C1.1 Ci4
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* nebo:

material := cubic

smer ;=0
a1 = —lz1 (124 ca4)
Qg1 = 0

_ 2 2
Q31 = C1,1 + lZl Cqa — PV
a3 = —lzs (124 C14)
a3 =0

_ 2 2
Q33 = C1,1 + 123 Cq4a — PV

a5 =0
a5 =1
Oé375 = 0

symetricke_a_antisymetricke_mody

, 1-B+VB*—4

= 2 C1,1C44
o 1-B-VBT—A
2 C1,1C4.4
kde

A=4(—cyu+ pv?) (—c11 + pv?) C1,1Ca4
B=—c11 (—c11 4 pv?) — caa (—caq + pv?) — (c12+ C4,4)2
S H_mody

* nebo:

material := cubic
1

smer = ;T
a1y = —lzy (124 ¢ca4)
Qo1 = 0
Q31 = %Cl,l + % C1,2 + Cq4 + ZZ% Cqq4 — pU2
arz = —lzz (12 + cq4)
Qo3 = 0
Q33 = %01,1 + % Cro + Caa+ 125 caq — po?
Oé175 =0
Qg5 = 1
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Q35 = 0
symetricke_a_antisymetricke_mody

, 1-B+VB*—4AC

lz 5 I
2 1-B- VB 4AC
2 A
kde

A=2ci1c44
B=—2v%p (csu+c11)+ (c1o+2caq) (11 —2c12) + cil
C(—cau+pv?) 2pv2—ci1—c1a2—2c44)
S H _mody

1 1 2
2 —26 +3C2tpv

Ca4

* nebo:

material := ortotropic
smer = ¢

ary = gsgilzi + (=93 + gs 93 + 92 91) 123 + 92 93
a1 = gs ilzs + (=93 + gs 93 + 92 1) 23 + g2 g3
ars = gs gilzs + (=93 + gs 93 + 92 91) l22 + g2 93
Qo1 = —0s gslzi + (96 91 — gs 97 — G2 g5) 23 — G2 g7
o3 = —gs 95125 + (96 91 — gs 97 — 92 95) 125 — 92 97
a5 = —0s 95125 + (96 91 — gs 97 — 92 95) 123 — 92 97
a1 = (95 91— 91.96) l21 + (97 94 — g3 96) 121
ass = (95 9 — 01 96) lz3 + (97 94 — 93 96) l23
ass = (9591 — g1 96) 125 + (97 91 — g3 96) 25
kde
g1 = cos(¢)? cyq +sin(d)? cs 5
g2 = sin(¢)? ¢4 + cos(d)? 55 — pv?
g3 := sin(¢)? cos(¢)® (c11 — 212 —4cep + Ca2) + Co6 — pU°
g := cos(@) sin(¢) (ca3 — 1.3+ Caa — C55)
g5 = cos(¢) sin(¢) (csa — c55)
g = sin(¢)? (cas + caa) + cos(¢)? (crs — ¢55)
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gr = —(—cos(¢)? (—c11+ c12+ 2¢66) + sin(@)? (c12+ 266 — C22)) cos(@) sin(¢)
gs ‘= €33

9o := sin(¢)? caq + cos(d)? cs5
G0 := c08(P)* c11 + 22 sin(P)* + 2 (c12 + 2¢66) cos(¢)? sin(¢)? — pov?

symetricke_a_antisymetricke_mody
Al +Blz'+Cl>+ D=0

A =paps
B = sin(¢)* (p2ps + paps — ps q1) + cos(9)? (ps ps + p1Pa — Pagz) = X* (pa+ ps + paps)
C =r1paps + pera + e sin(¢)? cos(¢)? + rs x>
D=ry+ (rs + (5221 + 5245+ ps — x?) x¥*) x*
q1 = ps (ps + 2 pa)
g2 = p7 (2p5 + pr)
43 = Pp1P2 — P3
G4 = P5Pg + Pr P8 + Papr
r1 =2 cos(¢)? sin(¢)” (ps +2ps) + 5421 — °
ry = S 421 —sin(¢)? ¢ + 2 sin(4)? cos(¢)? (g1 — p3) — cos(@) g2 — x? (1 + S_2.45)
r3 = (q1 — p2ps) sin(6)® + (g2 — p1pa) cos(¢)® — S2.21 + x* (1 + pa + ps)

rs = (pe S_4.21 — sin(¢)? cos(¢)? (2p3ps — q3)) S_2.45
rs = sin(p)? cos(4)? (2p3ps — q3) — S2.455 221 + pg (—S 421 — S 2.45)
Tse =3 — P11 —P2q2+ 2P3qa

S 221 = cos(¢)? py + ps sin(¢)?
S 245 = py sin(¢)? + cos(9)? ps
S 421 = cos(¢)* p1 + po sin(¢)?

G
p1i= —
C3.3
G
D2 = —
C3,3
__Ci2
ps = —
C33
 Can
Py = —
(33
G55
Ps = —
€33

. Cep
Pe == —
€33
__Cg3
pr = —
C3.3
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* nebo:
material := ortotropic
smer =0
Q11 = (—01,3 - 05,5) lzq
ag1 =0
agy =c11 + Izl s — po?
a3 = (—c13—¢s5) l23
gz =0
Q33 =c11+ 1zics5 — pu?
a5 =0
gy =1
ags =0
symetricke_a_antisymetricke_mody
o 1-B4VE A
2 C5,5C3,3
o 1-B-VB A
2 C5,5 C3,3
kde
A=dcssezz(cry —pov?) (ess —pv?)
B=c33 (11— pv®) + cs5 (o5 — pv?) — (c13+ 05,5)2
S H_mody
12— 66 + pv?
Ca4
* nebo:

material := ortotropic
1
smer i= 5

Q11 = (—02,3 - 04,4) lzq
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Qg1 = 0
Q31 = Cop + 127 a4 — pv?
13 = (—02,3 - 04,4) lz3
Qg3 = 0

_ 2 2
Q33 = C22 + lZ3 Cq4a — PV

a5 =0
a5 =1
azs =0

symetricke_a_antisymetricke_mody

, _1-B+VB -4

= 2 C44C33
o 1-B-VBT—4
2 C4,4C33
kde

A=4cyac3s(—cop+ pv?) (—caaq + pv?)
B=—c33 (—con+ pv?) — caa (—caa + pv?) — (co3 + 134,4)2
S H_mody

—cg6 + p v

C55

22 =

57



3.2 dc_cubic_ortho.mw

V tomto souboru jsou odvozeny tvary disperznich vztahi, jako pro symetrické, antisymetrické
a SH mddy, tak pro Mindlinovy oddélené médy pro kubickou a ortotropni desku. Tento soubor
je vytvoren systémem pro symbolické vypocty Maple, [14]

Pro kubickou desku a smér $ifeni ¢ = 0° jsou to rovnice (1.18) a (1.22) az (1.25), pro smér
Sifeni ¢ = 45° rovnice (1.30) a (1.34) az (1.37) a pro obecny smér Sifeni rovnice (1.40), (1.41) a
(1.42).

V piipadé ortotropni desky jsou zde odvozeny pro smér Sifeni ¢ = 0° rovnice (1.47) a (1.51)
az (1.52), pro smér Sifeni ¢ = 90° rovnice (1.57) a (1.62) az (1.63) a pro obecny smér Sifeni
rovnice (1.67), (1.68) a (1.69).
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Odvozeni disperznich vztaht a mindlinovych kiivek pro kubicky nebo ortotropni
material ve smérech Sifeni (100),(110) nebo (010) a pro obecny tihel otaceni ¢ okolo
osy z

vektor vychylek ve shodé s ¢lankem ([21]) :

> restart;

> material:= cubic;
#material:= ortotropic;
smer:=phi;
#smer:=0; # (100)
#smer:=Pi/4; # (110) - cubic
#smer:=Pi/2; # (010) - ortotropic

* podle zvoleného materidlu a sméru se tu zobrazi jedna z moznosti:

material := cubic material := cubic material = cubic
smer = ¢ smer =0 smer = ;117r
material := ortotropic material := ortotropic material := ortotropic
smer = ¢ smer =0 smer =17

2

> with(LinearAlgebra):
u := array(1l..3):
for j to 3 do
ulj] :=sum(C[n]*alphalj,n]*exp(Ixk*(x[1]1+1z[n]*x[3])),n=1..6)
end do:

substituce 1z

> ul1] := subs({1z[2]=-1z[1], 1z[4]=-1z[3], 1z[6]=-1z[5]1},ulll):
ul2] := subs({1z[2]=-1z[1], 1z[4]=-1z[3], 1z[6]=-1z[5]1},ul2]):
ul3] := subs({1z[2]=-1z[1], 1z[4]=-1z[3], 1z[6]=-1z[5]},ul3]):

substituce alpha

> for j to 3 do
if smer = phi then
if material = cubic then
ulj] := subs({alpha[1,1]=1, alphal1,3]=1, alphal1l,5]=1,
alpha[1,2]=1, alphal1,4]=1, alpha[1l,6]=1},uljl):
else
ulj] := subs({alpha[1,2]= alpha[l,1], alpha[l,4]= alphal1,3],
alpha([1,6]= alphal1,5]},uljl):
end if;
ulj] := subs({alpha[2,2]= alpha[2,1], alpha[2,4]= alpha[2,3],
alphal[2,6]= alpha[2,5], alpha[3,2]=-alphal3,1],
alpha[3,4]=-alpha[3,3], alphal3,6]=-alphal[3,5]},uljl):
else
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uljl :=

end if:
end do:
> printlevel := 2:

tenzor deformaci

> SV =
for j to 3 do
for 1 to 3 do
Sv(lj,11 :=
end do
end do:

zkraceny zapis

> S :=

array(1..3,1.

subs ({alpha[1,2]=-alpha[1,1], alpha[l,4]=-alphal1l,3],

alpha[3,2]=alphal[3,1], alpha[3,4]=alphal3,3],
alpha[1,5]=0, alpha[1,6]=0, alpha[2,1]=0,
alpha[2,2]=0, alpha[2,3]=0, alpha[2,4]=0,
alpha[2,5]=1, alpha[2,6]=1, alphal3,5]=0,
alpha([3,6]1=0},uljl):

.3):

tenzor elastickych konstant

> if material = cubic then

dd := <<c[1,1],
<cl[1,2],
<cl1,2],
< 0,
< 0,
< 0,

else

dd := <<c[1,1],
<cl[1,2],
<c[1,3],
< 0,
< 0,
< 0,
end if:

cl1,2],
cl1,1],
cl1,2],

cl1,21,
cl1,21,
cl1,1],

0,

0,
0,
0,
cl4,4],
0,

Matice transformace soustavy soutadnic dle [2] (str

> bLU :

bRU :

1/2+(diff (uljl,x[11)+diff(ull],x[j1))

<Sv[1,1], Sv[2,2], SVI[3,3], 2xSV[2,3], 2*SV[1,3], 2*SV[1,2]>:

0, 0>|
0, 0> |
0, 0> |
0, 0>
cl4,4], 0>
0, cl4,4]>>:
0, 0>
0, 0>
0, 0>
0, 0>
c[5,5], 0> |

0, cl[6,6]>>:

. 294 - Sestirozmérny prostor).

Transpose(<<b[1,1]"2, b[1,2]"2, b[1,3]1"2>]|

<b[2,1]1"2, b[2,2]"2, b[2,3]"2>]
<b[3,1]17°2, bl[3,2]1"72, b[3,3]172>>):

2xTranspose(<<b[1,2]*b[1,3], b[1,3]*b[1,1], b[1,1]1*b[1,2]>]

<b[2,2]*b[2,3], b[2,3]*b[2,1], b[2,1]*b[2,2]>]
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<b[3,2]*b[3,3], b[3,3]*b[3,1], b[3,1]1*b[3,2]>>):

bLB := Transpose(<<b[2,1]*b[3,1], b[2,2]*b[3,2], b[2,3]*b[3,3]>|
<b[3,1]*b[1,1], b[3,2]*b[1,2], b[3,3]*b[1,3]>]
<b[1,1]*b[2,1], b[1,2]*b[2,2], b[1,3]*b[2,3]>>):
bRB := Transpose(

<<b[2,2]*b[3,3]+b[2,3]%b[3,2], b[2,1]1*b[3,3]1+b[2,3]*b[3,1],
b[2,2]*b[3,1]1+b[2,1]1*b[3,2]>|
<b[1,2]*b[3,3]+b[1,3]1*b[3,2], b[1,3]1*b[3,1]1+b[1,1]*b[3,3],
b[1,1]1*b[3,2]+b[3,1]1*b[1,2]>]
<b[1,2]*b[2,3]1+b[1,3]1*b[2,2], b[1,3]1*b[2,1]1+b[1,1]1%b[2,3],
b[1,11*b[2,2]1+b[1,2]*b[2,1]>>):
bb := <<bLU, bLB>|<bRU, bRB>>:

Rotace okolo osy z.

>b := <<cos(f), -sin(f), 0>|
<sin(f), cos(f), 0>|
< 0, 0, 1>>:

rotovana matice

> d_rot :
d_rot :

Multiply (Multiply(bb,dd) ,Transpose(bb)):
Map(simplify,d_rot): f:=smer:

tensor napéti T[xx, yy,z2,yz,x2z,Xy]
> T :=d_rot.S:

Mindlinovy krivky
Prvni z dvojice Mindlinovych podminek. Namazané tuhé poloprostory. T,. = u, =0
okrajové podminky (7'[5](T%.) = u[3] (u,) = 0 pro z[3] (z) = £d)

> RN[1] subs(x[3]= d, T[5]):
RN[2] := subs(x[3]=-d, T[5]):
RN[3] := subs(x[3]= 4, ul3]):
RN [4] subs (x[3]=-d, ul3]):

pro obecny smér sifeni doplnéna o 7, = 0

> if smer = phi then
RN[5] := subs(x[3]= d, T[4]):
RN[6] := subs(x[3]=-d, T[4]):
ZN := Matrix(6):
for j to 6 do
for 1 to 6 do
tmp := subs(C[1]=1,RN[j]);

ZN[j,1] := subs({C[1]=0, C[2]=0, C[3]=0, C[4]=0, C[5]=0, C[6]=0},tmp);

end do
end do
else
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ZN := Matrix(4):
for j to 4 do
for 1 to 4 do
tmp := subs(C[1]=1,RN[j]);
ZN[j,1] := subs({C[1]=0, C[2]=0, C[3]1=0, C[4]1=0},tmp);
end do
end do:
end if:
> ZN:= subs(x[1]=0,ZN) :#ZN:= simplify(ZN/exp(Ixk*x[1])):
dcl:=Determinant (ZN) :

Druhé z dvojice Mindlinovych podminek. Makroskopické fetizky. 7., = u, =0
okrajové podminky (7'[3|(7..) = u[l] (u,) = 0 pro z[3] (z) = £d)

> RR[1] := subs(x[3]= 4, TI[3]):

RR[2] := subs(x[3]=-d, T[3]):
RR[3] := subs(x[3]= d, ul1l):
RR[4] := subs(x[3]=-d, ul1l]):

pro obecny smér sifeni doplnéna o u, =0

> if smer = phi then
RR[5] := subs(x[3]= d, ul2]):
RR[6] := subs(x[3]=-d, ul2]):
ZZ := Matrix(6):
for j to 6 do
for 1 to 6 do
tmp := subs(C[1]=1,RR[j1);
ZZ[j,1] := subs({C[1]=0, C[2]=0, C[3]=0, C[4]=0, C[5]1=0, C[5]=0},tmp);
end do
end do;
else
ZZ := Matrix(4):
for j to 4 do
for 1 to 4 do
tmp := subs(C[1]=1,RR[j]);
2Z[j,1] := subs({C[1]1=0, C[2]=0, C[3]=0, C[4]1=0},tmp);
end do
end do:
end if:
> ZZ:= subs(x[1]=0,ZZ) :#ZZ:= simplify(ZZS/exp(Ixk*x[1])):
dc2:=Determinant (ZZ) :

Disperzni vztahy pro ”Namazané tuhé poloprostory”.

> material; smer;
dcl:=evalc(factor(dcl)):
dcl:=convert(dcl,sin):
d_m[1]:=isolate(dcl,sin(2*1z[1]*k*d));
d_m[2] :=isolate(dcl,sin(2*1z[3] *k*d)) ;
if smer = phi then d_m[3]:=isolate(dcl,sin(2*1z[5]*k*d)); end if;
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* podle zvoleného sméru se tu zobrazi jedna z moznosti:

cubic

¢
d-my :=sin(2klz d)
d-ms :=sin(2klz3 d)
d-ms :=sin(2klz5 d)

ortotropic

¢
d-my :=sin(2klz d)
d-mgy :=sin(2 klz3d)
d-mg :=sin(2klz5d)

=0

=0

cubic

0
=0 d-my :=sin(2klz d)
=0 d-mg :=sin(2klz3d)

ortotropic

0
=0 d-my :=sin(2klz d)
=0 d-mgy :=sin(2 klz3 d)

Disperzni vztahy pro ”Makroskopické tetizky”.

> dc2:=evalc(factor(dc2)):

dc2:=convert(dc2,sin):

isolate(dc2,sin(2*x1z[1]*k*d));
isolate(dc2,sin(2*1z[3] *xk*d) ) ;

if smer

= phi then isolate(dc2,sin(2*1z[5]*kxd)) ;

* podle zvoleného sméru se tu zobrazi jedna z moznosti:

sin(2klzd) =0
sin(2klz3d) =0
sin(2klzsd) =0

Disperzni vztahy

okrajové podminky (7'[5] (T}.)

. 1/2 tloustky desky)

> RD[1] := subs(x[3]=
RD[2] := subs(x[3]=-d
RD[3] := subs(x[3]=
RD[4] := subs(x[3]=-d
RD[5] := subs(x[3]= d
RD[6] := subs(x[3]=-d,
> Z := Matrix(6):

Disperzni vztahy pro sméry (100) a (110) nebo (010)
Rozklad na dvé submatice

for j to 6 do
for 1 to 6 do
tmp :=
Z[j,1] :=
end do
end do:
Z:.=

simplify(Z/exp(Ixk*x[1])):

= T4](y2)

d, T[5]):
, T[5]):
d, T[4]):
, T[4]):

, T[3]):
T[3]):

subs(C[1]=1,RD[j1);
subs ({C[1]=0, C[2]=0, C[3]=0, C[4]=0, C[5]=0, C[6]1=0},tmp);

sin(2klzd) =0
sin(2klz3d) =0

=0
=0

=0
=0

cubic
Z
d-my :=sin(2klz
d-mg :=sin(2klz3

ortotropic

17r

1n(2 klz
sin(2k lz3

d,ml =
d,mg

end if;

sin(2klz d)
sin(2 klz3d)

= T[3](Tew) = 0 pro z[3] (z) = + d,
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Z:=simplify(Z/I/k):

d) =
d) =

d) =
d) =

=0
=0

0
0

0
0



> if smer <> phi then

Z1 :=SubMatrix(Z,[1,2,5,6],[1,2,3,4]):

Z2 :=SubMatrix(Z,[3,4],[5,6]): Z2:=simplify(Z2/c[4,4]): end if:

1. subdeterminant — symetrické a antisymetrické mody

> if smer <> phi then

dcl:=Determinant(Z1): dcl:=factor(dcl): nz:=nops(dcl):
leva:=op(nz-1,dcl): leva:
prava:=op(nz,dcl): prava:

=factor(expand(evalc(leva))):
=factor (expand(evalc(prava))):

Disperzni vztahy pro symetrické a antisymetrické mody lze psat ve tvaru:

> if smer <> phi then

dc_1:=sort(simplify(leva/4/I,size)):
dc_1:=isolate(dc_1,sin(1z[1]*k*d))*cos (1z[3]*k*d)
/(cos(1z[1]*k*d)*sin(1z[3]*k*d)) :

dc_1:=convert(dc_1,tan);

print(material); print(smer);

dc_2:=sort(simplify(prava/4/I,size)):

dc_2:=isolate(dc_2,sin(1z[1]*k*d))*cos (1z[3] *k*d)
/(cos(1z[1]*k*d)*sin(1z[3]*k*d)) :

dc_2:=convert(dc_2,tan);

if has(numer(rhs(dc_1)),alpha[l, 1]1*1z[1] )then

d_s:=dc_2; d_a:= dc_1;

else

d_s:=dc_1; d_a:= dc_2;

end if;
print(d_s); print(d_a);
end if:

* podle zvoleného sméru (pro 0 a %7‘( resp. %ﬂ’) se tu zobrazi jedna z moznosti:

tan (klz; d

cubic

0

arglzs+ass) (lzrasicip +argcip

tan

k?lZg

lzsasgciy +argcrie) (a1 lz + asy

(
(
tan (klzy d
tan (klzgd

tan (klz d

\_/\_/ \_/\_/
|~ |

)
)
lZ3&&3CL1ﬁ-043(hg)(a14l21+—a&1)
arglzs +ass) (lzrasycn + arg o)

cubic
1

- T

4
lzya31c11 +argci2) (ar3lzs +asg

tan

tan

klzgd
klz d

ap1lz +asy) (lzsagscin +arscio

@1J121+'&&1)UZ3Q&30L1+‘@L3CL2

(
(
(
(

tan (klzs d

) _
)
)
)

|~ |

)
)
)
)

lzy 31011 +ar1c12) (arglzs+ass
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ortotropic

0

tan (klz1d)  (cq3lzs +asgs) (lzrasicss +apgcrs)
tan (klzsd)  (lzsasscss +argers) (anilz +asy)
tan (klz1d)  (lzsasscss+aizcrs) (arilz + asg)
tan (klzsd)  (anslzs +aszs) (l21a31c33 +argcr3)
* nebo:
ortotropic

1

57
tan (klz1d)  (cn3lzs +asg) (lzrasicss + a1y ca3)
tan (klzsd)  (lz3 Q33C33+ 13C23) (o1 lz1 +asy)
tan (klz1d)  (lzsasscss+ aizcas) (arilzr + asy)
tan (klzsd)  (anslzs +ass) (l21as1c33 + a1y cas)

2. subdeterminant — SH méddy
Disperzni vztahy pro SH mddy lze psat ve tvaru:

> if smer <> phi then
dc2:= Determinant(Z2): dc_3:=-evalc(dc2):
dc_3:=combine(dc_3,trig): d_SH:=isolate(dc_3,sin);
print(d_SH); end if:

% e 1 1 ‘.
pro sméry Siteni 0 a 7 7 resp. 5 7 se tu zobrazi:

sin (2klz;d) =0

Disperzni vztahy pro obecny uhel Sifeni ¢

> if smer = phi then
:=subs (exp( I*k*x1z[1]*d)=Sigmal[1],Z):
:=subs (exp (-I*k*1z[1]*d)=Sigma[2],Z):
:=subs (exp( Ixkx1z[3]*d)=Sigmal[3],Z):
:=subs (exp (-Ixk+*1z[3]*d)=Sigma[4],Z):
:=subs (exp( Ixkx*1z[5]*d)=Sigmal[5],Z):
:=subs (exp (-I*k*1z[5]*d)=Sigma[6],Z):
if material = cubic then
nul1] :=remove(has,Z[1,1],{Sigma,c}): Z
nu[2] :=remove(has,Z[1,3],{Sigma,c}): Z:=subs(nu[2]=Lambdal[2],Z):
nu[3] :=remove(has,Z[1,5],{Sigma,c}): Z:=subs(nu[3]=Lambdal[3],Z):
nu[4] :=remove(has,Z[5,1],Sigma): Z:=subs (nu[4]=Lambdal4],Z) :
Z
Z

N NNNNN

:=subs(nu[1]=Lambdal1],Z):

nu[5] :=remove (has,Z[5,2],Sigma) : :=subs (nu[5]=Lambdal[5] ,Z):
nu[6] :=remove (has,Z[5,3],Sigma): :=subs (nu[6]=Lambdal[6],Z):
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nul7] :=remove (has,Z[5,4] ,Sigma): Z:=subs(nul[7]=Lambdal7],Z):
nu[8] :=remove (has,Z[5,5] ,Sigma) : Z:=subs (nu[8]=Lambdal[8],Z):
nu[9] :=remove(has,Z[5,6],Sigma) : Z:=subs (nu[9]=Lambdal[9],Z) :

dZ:= factor(Determinant(Z)/c[4,4]"4): np:=nops(dZ):

else
A:=NULL: for i in

op(Z[1,1]) do

if has(i, Sigma) then else A:=A, i; end if end do:
nul1] :=op(-1,[A]): Z:=subs(nul[l]=Lambdal1l],Z):

A:=NULL: for i in

op(z[1,3]) do

if has(i, Sigma) then else A:=A, i; end if end do:

nul[2] :=op(-1, [A]):

A:=NULL: for i in

Z:=subs(nu[2]=

op(Z[1,5]) do

Lambdal[2],Z):

if has(i, Sigma) then else A:=A, i; end if end do:
nul3] :=op(-1,[A]): Z:=subs(nul[3]=Lambdal3],Z):
A:=NULL: for i in op(Z[3,1]) do

if has(i, Sigma) then else A:=A, i; end if end do;
nul4] :=op(-1,[A]): Z:=subs(nul[4]=Lambdal4],Z):
A:=NULL: for i in op(Z[3,3]) do

if has(i, Sigma) then else A:=A, i; end if end do:
nu[5] :=op(-1,[A]): Z:=subs(nul[5]=Lambdal5],Z):
A:=NULL: for i in op(Z[3,5]) do

if has(i, Sigma) then else A:=A, i; end if end do:
nul[6]:=op(-1,[A]): Z:=subs(nul[6]=Lambdal[6],Z):
A:=NULL: for i in op(Z[5,1]) do

if has(i, Sigma) then else A:=A, i; end if end do:
nul7] :=op(-1,[A]): Z:=subs(nul[7]=Lambdal7],Z):
A:=NULL: for i in op(Z[5,3]) do

if has(i, Sigma) then else A:=A, i; end if end do:
nu[8] :=op(-1,[A]): Z:=subs(nul[8]=Lambdal8],Z):
A:=NULL: for i in op(Z[5,5]) do

if has(i, Sigma) then else A:=A, i; end if end do:

nul[9] :=op(-1, [A]):

Z:=subs(nul[9]=

Lambda[9],Z);

dZ:= factor(Determinant(Z)): np:=nops(dZ):

end if;

Sigma[1] :=exp(I*1z[1]*k*d): Sigmal[2]:=exp(-I*1z[1]*kxd) :
Sigma[3] :=exp(I*1z[3]*k*d): Sigmal4]:=exp(-I*1z[3]*kxd):
Sigmal[5] :=exp(I*1z[5]*k*d): Sigmal[6]:=exp(-I*1z[5]*k*d):

LP:=op(np-1,dZ): LP:=simplify(evalc(LP))/8;
RP:=op(np,dZ): RP:=simplify(evalc(RP))/8;
end if:

> if smer = phi then

unprotect(csc):

scc:=sin(1z[1]*k*d) *cos (1z[3] *k*d) *cos (1z[5] *k*d) :
csc:=cos(1z[1]*k*d)*sin(1z[3] *k*d)*cos (1z[5] *k*d) :
ccs:=cos(1z[1]*k*d) *cos (1z[3] *k*d) *sin(1z[5] *k*d) :
css:=cos (1z[1]*k*d) *sin(1z[3] *k*d) *sin (1z[5] *k*d) :
scs:=sin(1z[1]*k*d) *cos (1z[3] *k*d) *sin (1z[5] *k*d) :
ssc:=sin(1z[1]*k*d) *sin(1z[3] *k*d) *cos (1z[5] *k*d) :
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sss:=sin(1z[1]*k*d) *sin(1z[3] *k*d) *sin (1z[5] *k*d) :
ccc:=cos(1lz[1]*k*d)*cos(1z[3]*k*d)*cos (1z[5]*k*d) :
if has(LP,I)then

dc_a:=remove(has, LP, I): dc_s:=RP:
else

dc_a:=remove(has, RP, I): dc_s:=LP:
end if:
d_s[1]:=factor(select(has, dc_s, cos(kxlz[1]*d)));
d_s[2] :=factor(select(has, dc_s, cos(k*x1z[3]*d)));
d_s[3] :=factor(select(has, dc_s, cos(k*x1z[5]*d)));
d_a[1] :=factor(select(has, dc_a, sin(k*1z[1]1%*d)));
d_a[2] :=factor(select(has, dc_a, sin(k*1z[3]%*d)));
d_a[3] :=factor(select(has, dc_a, sin(k*x1z[5]*d)));
unassign(’A’):
dc_s:=C[A] *css+C[B] *scs+C[C]*ssc;
dc_a:=C[A]*scc+C[B] *csc+C[C] *ccs;
dc_s:=expand(dc_s/sss): dc_s:=convert(dc_s,tan): dc_s:=convert(dc_s,cot)=0;
dc_a:=expand(dc_a/ccc): dc_a:=convert(dc_a,tan)=0;

end if:
> if smer = phi then

if material = cubic then

for i to 9 do

Lambdali] :=nuli];

end do:
else

a[1] :=factor(select(has,null],alphal[2,1])):

a[2] :=remove(has,nu[1],alpha[2,1]):

a[3]:=simplify(select(has,al[2],c[4,4])):

a[2] :=factor(remove(has,al[2],c[4,4])):

null] :=a[1]+factor(al[2]+al[3]);

a[1] :=factor(select(has,nu[2],alphal[2,3])):

a[2] :=remove (has,nu[2],alpha[2,3]):

a[3] :=simplify(select(has,al2],c[4,4])):

a[2] :=factor(remove(has,al[2],c[4,4])):

nul[2] :=a[1]+factor(a[2]+al[3]);

a[1] :=factor(select(has,nu[3],alphal[2,5])):

a[2] :=remove (has,nu[3],alpha[2,5]):

a[3] :=simplify(select(has,al[2],c[4,4])):

a[2] :=factor(remove(has,al[2],c[4,4])):

nul3] :=a[1]+factor(al[2]+al3]);

a[1] :=select(has,nu[4],alpha[2,1]):

a[2] :=remove (has,nu[4] ,alpha[2,1]):

a[3] :=select(has,al1],c[4,4]):

a[1] :=simplify(remove(has,al1],c[4,4]1)):

al[4] :=factor(select(has,al[2],c[4,4])):

a[2] :=simplify(remove(has,al[2],c[4,4])):

nu[4] :=factor(a[1]+a[3])+factor(al2]+al4]);

a[1] :=select(has,nu[5],alpha[2,3]):
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a[2] :=remove (has,nu[5] ,alpha[2,3]):
al[3]:=select(has,al1],c[4,4]):

al[1] :=simplify(remove(has,al1],c[4,4])):;

al[4] :=factor(select(has,al2],c[4,4])):

a[2] :=simplify(remove(has,al[2],c[4,4])):

nul[5] :=factor(al[1]+al[3])+factor(al2]+al4]);

al[1] :=select(has,nu[6],alphal2,5]):

a[2] :=remove (has,nu[6] ,alpha[2,5]):

a[3] :=select(has,all1],c[4,4]):

a[1] :=simplify(remove(has,al1],c[4,4])):;

al[4] :=factor(select(has,al2],c[4,4])):

a[2] :=simplify(remove(has,al2],c[4,4])):

nul[6] :=factor(al[l]+a[3])+factor(al[2]+a[4]);

a[1] :=factor(select(has,nul7],alphal[2,1])):

a[2] :=remove (has,nu[7],alpha[2,1]):
a[3]:=simplify(select(has,al[2],c[1,3]1)):

a[4] :=simplify(select(has,al[2],c[2,3]1)):

a[2] :=simplify(select(has,al[2],c[3,3]1)):

nul7] :=a[1]+factor(a[3]+al[4])+al[2];

a[1] :=factor(select(has,nu[8],alphal[2,3])):

a[2] :=remove (has,nu([8] ,alpha[2,3]):
a[3]:=simplify(select(has,al[2],c[1,3]1)):

a[4] :=simplify(select(has,al[2],c[2,3])):

al[2] :=simplify(select(has,al[2],c[3,3])):

nul[8] :=a[1]+factor(al[3]+al4])+al2];

a[1] :=factor(select(has,nu[9],alpha[2,5])):

a[2] :=remove (has,nu[9] ,alpha[2,5]):
a[3]:=simplify(select(has,al[2],c[1,3])):

a[4] :=simplify(select(has,al[2],c[2,3])):

a[2] :=simplify(select(has,al[2],c[3,3])):

nul[9] :=a[1]+factor(al[3]+al4])+al2];

C_A:=d_al1]/scc; #CA:=d_s[1]/css;

C_B:=d_al[2]/csc; #CB:=d_s[2]/scs;

C_C:=d_al3]/ccs; #CC:=d_s[3]/ssc;

unprotect (D) ;

for j from 1 to 9 do Lambdal[j]:=nulj] end do;

j:=0:for i in [1,3,5] do j:=j+1:

eqlj] :=alpha[1l,i]*1z[i]+alpha[3,i]=D[1,1i]:

eq[j+3] :=alpha[2,i]=D[2,i]/1z[i]:

eql[j+6] :=alphal[3,il*1z[i]*c[3,3]=D[3,i]-alphall,i]l*c[2,3]:
eql[j+9] :=alphal[1l,il=E[1,i]/cos(f):

eqlj+12] :=alpha[2,i]1=E[2,i]/sin(f):

end do:

al:=simplify(eval((C_A/Lambdal[7]), [eql[2],eql[3],eql[5],eq[6]11));
a2:=collect(eval(eval(simplify(Lambdal[7]), [eq[7],eq[13]]),eq[10]),cos);
bl:=simplify(eval((C_B/Lambdal[8]), [eql[1],eql3],eql4],eql611));
b2:=collect(eval (eval(simplify(Lambda[8]), [eq[8],eq[14]]),eql[11]),cos);
cl:=simplify(eval((C_C/Lambdal[9]), [eql1],eql[2],eql4],eql[511));
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c2:=collect(eval(eval (simplify(Lambda[9]), [eq[9],eq[151]1),eq[12]),cos);
end if:
end if:
> print(’material’); material;
print (smér_8ifeni); smer;
print (Mindlinovy_k¥ivky); d_m[1]; d_m[2];
if smer =phi then d_m[3]; else
print (SH_mody); d_SH;
end if;
print (symetrické_mody); dc_s;
print (antisymetrické_mody); dc_a;
if smer =phi then print(kde);
if material = cubic then
C[A]:=d_al1]/scc; #CA:=d_s[1]/css;
C[B]:=d_a[2]/csc; #CB:=d_s[2]/scs;
C[C]l:=d_a[3]/ccs; #CC:=d_s[3]/ssc;
else
C[A]l=alx(factor(op(1,a2))+op(2,a2));
C[B]=b1x*(factor(op(1,b2))+op(2,b2));
C[Cl=c1x*(factor(op(1,c2))+op(2,c2));
for j from 1 to 9 do print(isolate(eq[j]l,D)) end do:
for j from 10 to 15 do print(isolate(eq[j],E)) end do:
end if;
end if;

* podle zvoleného materidlu a sméru se tu zobrazi jedna z nésledujicich moznosti:

material

cubic
smer_sirent
¢
Mindlinovy_krivky
sin (2klzd) =0
sin (2klz3d) =0
sin (2klzzd) =0
symetrické_mody
Cy cot (klz1d) + Cp cot (klzsd) + Co cot (klzsd) =0
antisymetrické_mody
Cy tan (klz1d) + Cp tan (klzzd) + Co tan (klzsd) =0
kde
Cyr=(c12+c1as1lz) (—ags (lzs +ass) lzs + (lzs + ass) lz3a23)
Cp=—(c12+cr1aszlzs) (—ags (Iz1 +asy) lzs + (Izs + ass) 121 o)

Co = (0172 +cr1035 l2’5) ((lZg -+ Oé3,3) Q1 lz1 + (121 + ag’l) l23 a273)
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* nebo

* nebo

tan (k12 d)

material
cubic
smér_sirent
0

Mindlinovy_krivky
sin (2klzd) =0
sin (2klz3d) =0

SH_mody
sin (2klzsd) =0

symetricke_mody

B (a1 3lzs+ass)(lz1azic10+0q1¢12)

tan (k lz3 d)

tan (k 1z d)

(lzsasscig +o13cie) (g lzy + asy)
antisymetrické_mody

(lzgasscin+o1zcie) (o1 lz +asy)

tan (klzsd)

tan (k 1z d)

(a1 3lzs +ass)(lzyasicin+a11c12)

material
cubic
smer_sirent
1
2"
Mindlinovy_krivky
sin (2k1zd) =0
sin (2klz3d) =0
SH_mody
sin (2klzzd) =0
symetricke_mody

(lzragicip+oq1c12) (slzs + ass)

tan (klzsd)

tan (k12 d)

(ag1lz1 +az1) (lzsazscig +aq3¢12)
antisymetrické_mody

(n1lzy +asy) (lzsasscin +o13ci9)

tan (k lz3 d)

(lzrasycin+ 11 c12) (o slzs + ass)
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* nebo

material
ortotropic
smeér_sirent
¢
Mindlinovy_krivky
sin (2k1zd) =0
sin (2klz3d) =0
sin (2klzsd) =0
symetricke_mody
Cy cot (klz1d) + Cp cot (klzsd) + Co cot (klzsd) =0
antisymetrické_mody
Cy tan (klz1d) + Cp tan (klzzd) + Co tan (klzsd) =0
kde
Cs = —caacss (—Dog Dis+ Doy Di3) ((Ern — Eay) (c13 — c2,3) cos(¢) + Ds;)
Cp = —cya 55 (Dag Dis— Daogs Dy1) (—(Ei13— Ea3) (—c13+ca3) cos(¢) + Dss)
Co = C44 C55 (D2,1 D1,3 - D2,3 D1,1) (— (—E1,5 + E2,5) (01,3 - C2,3) COs (Cb) + D3,5)
Diy=oa1q lzn + sy
Dig=oa13lz3+ass
Dys =015 lzs +ass
D2,1 = [z
D2,3 = 033 lzg
Dys = s lzs
D3y =a11 ca3+c33 a3y lz
D33 =013 cas+cszazsles
Dss=qay5 co3+c33 ass 25
Ey1 = ayycos(9)
Ei3 = ai3cos (¢
Ei5=aj5cos (o
¢

(¢)
(9)
E>1 = ag;sin(9)
Ea3 = ag3sin (¢)
(9)

Ey5 = agssin (¢
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* nebo

* nebo

tan (k 1z d)

material
ortotropic
smeér_sirent
0
Mindlinovy_krivky
sin (2k1zd) =0
sin (2klz3d) =0
SH_mody
sin (2klzzd) =0
symetrické_mody

(a1 3lzs+ass)(lzyasicss+ar1c13)

tan (klz3 d)

tan (k12 d)

(lzgagscss+arscrs) (g lzr +asq)
antisymetrické_mody

(lzsasscss +arzcrs) (g lzy + asy)

tan (klzsd)

tan (k 1z d)

(cn3lzs +ass)(lzrasycss+ar1c13)

material
ortotropic
smer_sirent
1
-7
2
Mindlinovy_krivky
sin (2klzd) =0
sin (2klz3d) =0
SH_mody
sin (2klzzd) =0

symetricke_mody

_ (arglzy+asgs) (lzrasycss +argcos)

tan (k lz3 d)

tan (k12 d)

(lzsazzcss+aizcas) (arnlzr + asy)
antisymetrické_mody

(lzzasscss +a13cas) (g lzr + asy)

tan (klzsd)

(o1 3lzs+ass) (lzrasycss+ a1 ca3)
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4 Vysledky

4.1 lzotropni deska

Disperzni kiivky byly po¢itdny pro material s Poissonovym ¢islem 0,31 pomoci Matlabu [15].
A jsou znéazornény na obr. 4.1
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4.2 Kubicka deska

P1i vypoctu disperznich kiivek v desce s kubickou anizotropii byly pouzity hodnoty materialo-
vych konstant médi, jak je uvedeno v tabulce 4.1, podle [10].

c11 | 171 [GPa]
c12 | 122 [GPa]
Cy4 69,1 [GP&]
p | 8930 [kg/m?]

Tabulka 4.1: Materidlové konstanty pro Cu pouzité ve vypoctech.
Disperzni kiivky pro symetrické a antisymetrické mody desky s kubickou anizotropii spole¢né

s Mindlinovymi oddélenymi médy a smér Siteni ¢ = 0° jsou zakresleny v obr. 4.2, pro smér Sifeni
0° < ¢ < 45° jsou zakresleny v obr. 4.3 — 4.12. A pro smér sifeni ¢ = 45° v obr. 4.13.
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kd[]

kd[]

20° v kubické dese.

Obrazek 4.7: Disperzni k¥ivky pro smér Siteni ¢
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4.3 Ortotropni deska

P1i vypoctu disperznich kiivek v ortotropni desce byly pouzity hodnoty materidlovych konstant
uhlikového kompozitu, jak je uvedeno v tabulce 4.2, podle [20].

C11 128,20 GPa
C92 — C33 14,95 GPa
Cyq4q 3,81

[
[
[
C55 = Cgp 6,73 [GP&
[
[
[

C12 = C13 6,90 [GPa
Co3 7,33 GP&]
p 1580 [kg/m?]

Tabulka 4.2: Materidlové konstanty pro uhlikovy kompozit pouzité ve vypoctech.
Disperzni kiivky pro symetrické a antisymetrické médy desky s ortotropni anizotropii spolec¢né

s Mindlinovymi oddélenymi médy a smér Sifeni ¢ = 0° jsou zakresleny v obr. 4.14, pro smeér
sifeni 0° < ¢ < 90° jsou zakresleny v obr. 4.15 — 4.33. A pro smér Siteni ¢ = 90° v obr. 4.34.
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