
Tlustá deska - inverzní úloha
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This paper considers the inverse problem of a point source of elastic waves in a thick
plate. Determination of the source function follows from application of a direct inverse method.
The inversion has been carried out with the time-domain signals. Results have been obtained with
the direct substitution method, the least-square inversion method and the regularization method.
Examples are shown in which the time dependence of a source is recovered from measured
waveforms.
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1. Úvod

.RQFHQWURYDQi�VtOD�S VREtFt�NROPR�QD�SRYUFK�QHNRQHþQp�WOXVWp�GHVN\�SR�NRQHþQRX�GREX�Y\YROi

WUDQVLHQWQt�YOQRYê�SRK\E��-HVWOLåH�MH�]QiP�þDVRYê�SU E K�WpWR�S VREtFt�VtO\��P åH�EêW�Y\SRþWHQD

RGH]YD� Y� EOt]NpP� SROL� PHWRGRX� ]REHFQ QêFK� SDSUVN � >HOR92] a odezva ve vzdáleném poli

PHWRGRX� YODVWQtFK� WYDU � >9$/��@�� 7HQWR� þOiQHN� SRSLVXMH� PHWRG\� SUR� HãHQt� LQYHU]QtKR

SUREOpPX�� WM�� XUþLW� þDVRYRX� ]iYLVORVW� S VREtFt� NRQFHQWURYDQp� NROPp� VtO\� ]� QDP HQpKR

transientního signálu vertikálního posuvu.

9�QDãHP�S tSDG � MVPH� ]D� ]GURM� NRQFHQWURYDQp� NROPp� VtO\� SRYDåRYDOL� Ui]�PDOp� RFHORYp

NXOLþN\��SU P U�NXOLþN\�E\O�� mm, hmotnost 447�PJ�D�NXOLþND�E\OD�VSRXãW QD�]  výšky 56 mm).

2GH]YX�WOXVWp�GHVN\��WORXã ND��� mm) jsme snímali v 11 místech na  horním povrchu desky (10,

15, 20, ..., 60�FP�RG�PtVWD�GRSDGX�NXOLþN\��D�YH����PtVWHFK�QD�GROQtP�SRYUFKX�GHVN\����������������

60�FP� RG� HSLFHQWUD� EX]HQt�� ãLURNRSiVPRYêP� QHUH]RQDQþQtP� VQtPDþHP� V� NXåHOtNRYêP

SLH]RHOHPHQWHP�� 6LJQiO� ]H� VQtPDþH� E\O� Y]RUNRYiQ� �� 0+]� Y� ]i]QDPQtNX� WUDQVLHQWQtFK� MHY

ADAM s 10-ti bitovým rozlišením a��S HQiãHQ�GR�SRþtWDþH��6FKpPD�P HQt�MH�QD�REU� 1. V tomto

þOiQNX�EXGHPH� HãLW�LQYHU]Qt�~ORKX�QD�GDWHFK�]�PtVWD�Y]GiOHQpKR��� cm od epicentra.

Obr.����6FKpPD�P HQt�



1DP HQê� SU E K� YHUWLNiOQtKR� SRVXYX� Y�PtVW � �� cm od epiceQWUD� Y\YRODQê� Ui]HP� NXOLþN\� MH

uveden na obr.���� WM�� YêVWXS� V\VWpPX�� D� WHRUHWLFNê�� Y\SRþWHQê� SU E K� YHUWLNiOQtKR� SRVXYX

v�WRPWpå� PtVW � Y\YRODQê� NRQFHQWURYDQRX� YHUWLNiOQt� VLORX� VH� VNRNRYRX� þDVRYRX� ]iYLVORVWt

(Heaviside) je uveden na obr.���� WM�� S HFKRGRYi� FKDUDNWHULVWLND� V\VWpPX��3U E K\� QD� REU� 2 a 3

jsou spolu svázány NRQYROXþQtP�Y]WDKHP

( ) ( ) ( ) ( ),’ tstwtrtu ∗∗=

kde u(t)�MH�QDS Wt�QD�VQtPDþL��REU� 2), r(t)�MH�LPSXOVQt�FKDUDNWHULVWLND�VQtPDþH��w(t)�MH�S HFKRGRYi

charakteristika systému tlusté desky (obr. 3) a s'(t)�MH�þDVRYi�GHULYDFH�EXGtFt�VtO\��3RNXG�EXGHPH

XYDåRYDW�VQtPDþ�]D�LGHiOQt��P åHPH�YêãH�XYHGHQRX�URYQLFL�SViW�YH�]MHGQRGXãHQpP�WYDUX

( ) ( ) ( ),’ tstwtu ∗=

MHKRå�LQWHJUiOQt�UHSUH]HQWDFH�MH

( ) ( ) ( )∫ −=
t

stwtu
0

d’ τττ .

1DãtP�~NROHP�MH�Y\ HãLW�WXWR�LQWHJUiOQt�URYQLFL�SUR�QH]QiPRX�EXGtFt�VtOX�s(t). K��Y\ HãHQt�WRKRWR

LQYHU]QtKR�SUREOpPX�SRXåLMHPH�SRVWXSQ �W L�S tPp�LQYHU]Qt�PHWRG\��S tPRX�VXEVWLWXþQt�PHWRGX�

PHWRGX�]DORåHQRX�QD�PHWRG �QHMPHQãtFK�þWYHUF �D�PHWRGX�Y\XåtYDMtFt�UHJXODUL]DþQt�PHWRG\�SUR

HãHQt�VRXVWDY\�OLQHiUQtFK�DOJHEUDLFNêFK�URYQLF�
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Obr.����1DP HQê�SU E K�YHUWLNiOQtKR�SRVXYX�Y\YRODQê�Ui]HP�NXOLþN\�
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Obr.����9\SRþWHQê�SU E K�YHUWLNiOQtKR�SRVXYX�Y\YRODQê�VNRNRYRX�VLORX�

���3 tPi�VXEVWLWXþQt�PHWRGD

3 tPi� VXEVWLWXþQt� PHWRGD� �� direct substitution PHWKRG� �'6�� �� MH� SRSViQD� QDS �� Y� >KO67].

Diskretizací NRQYROXþQtKR�LQWHJUiOX�GRVWDQHPH�Y]WDK�SUR�GLVNUpWQt�konvoluci
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kde N je délka posloupnosti {w} a {u`��D�NWHUê�S HGVWDYXMH�n lineárních algebraických rovnic
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9�PDWLFRYp�WYDUX�P åHPH�]DSVDW�WXWR�VRXVWDYX�MDNR
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Matice [ ]W  má tedy všechny svoje prvky na hlavní diagonále rovny 1w �� SUYN\�QD�S tVOXãQêFK

GLDJRQiOiFK�SRG�KODYQt�GLDJRQiORX�MVRX�SRVWXSQ � 2w , 3w , ,K  nw  a prvky nad hlavní diagonálou

MVRX�QXORYp�� HãHQt�YêãH�XYHGHQp�PDWLFRYp�URYQLFH�SUR� [ ]’S  je potom

[ ] [ ] [ ] tUWS ∆= − /’ 1

/]H�XNi]DW��åH� [ ] 1−W  má stejný tvar jako [ ]W , tj.
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a prvky inverzní matice iw �O]H�Y\SRþtVW�]H�Y]WDK
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Jak jsme však zjistili, matice [ ]W � VHVWDYHQi� QD� ]iNODG � QDãLFK� GDW� �REU���� D� ��� MH� ãSDWQ

SRGPtQ Qi��FRå�GRND]XMt�WDNp�KRGQRW\�VLQJXOiUQtFK�þtVHO��NWHUp�MVRX�Y\NUHVOHQ\�Y logaritmickém

P tWNX� �VHW tG Q\� SRGOH� NOHVDMtFt� YHOLNRVWL�� Y� REU����� =� WRKRWR� REUi]NX� MH� GiOH� SDWUQR�� åH� þtVOR

SRGPtQ QRVWL� �SRP U� QHMY WãtKR� D� QHMPHQãtKR� VLQJXOiUQtKR� þtVOD�� PDWLFH� [ ]W � MH� iGX� 1810 .



9êVOHGN\�]tVNDQp�LQYHU]t�MVRX�SURWR�QHSRXåLWHOQp��3UR�LOXVWUDFL�MH�SU E K�EXGtFt�VtO\�s(t) získaný

touto metodou uveden na obr. 5. Stejný výsledek by poskytla i funkce deconv v MATLABu,

NWHUi�MH�XUþHQD�SUR�GHNRQYROXFL�D�NWHUi�MH�]DORåHQD�QD�PHWRG �GORXKpKR�G OHQt�
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Obr.����+RGQRW\�VLQJXOiUQtFK�þtVHO��VHW tG Q\�SRGOH�NOHVDMtFt�YHOLNRVWL��
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Obr.����3U E K�EXGtFt�VtO\�s(t) získaný DS metodou.

���0HWRGD�]DORåHQi�QD�PHWRG �QHMPHQãtFK�þWYHUF

,QYHU]Qt�PHWRGD�]DORåHQi�QD�PHWRG �QHMPHQãtFK�þWYHUF ���least square inversion method (LSI) -

MH�SRSViQD�QDS ��Y�>3$2��@��3 L�RGYR]RYiQt� WpWR�PHWRG\�Y\MGHPH�RS W�]H�Y]WDKX�SUR�GLVNUpWQt

konvoluci
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kde N je délka posloupnosti {w} a {u`��2]QDþtPH�OL�RGKDG�EXGtFt�VtO\�MDNR� ŝ  (délka posloupnosti

{ ŝ } je K, pro které platí K<N���P åHPH�SUR�RGKDG�QDS Wt�QD�VQtPDþL� û  psát

∑
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1\Qt� S HGSRNOiGHMPH�� åH� û  je nejlepší diskrétní −2L aproximace neboli aproximace metodou

QHMPHQãtFK�þWYHUF ��WM��P åHPH�SViW
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=�PDWHPDWLFNp�DQDOê]\�MH�]QiPR��åH�QXWQRX�SRGPtQNRX�SUR�WR��DE\�YHOLþLQD� ( )uu ˆ,2ρ  jako funkce

SDUDPHWU � ’ˆks �QDEêYDOD�PLQLPD��MH�VSOQ Qt�URYQLF

( )
Kk

s

uu

k

,3,2,1,0
ˆ

ˆ,
’

2
K==

∂
∂ρ

Dosadíme-li do této rovnice za ( )uu ˆ,2ρ � D� Y\SRþtWiPH�SDUFLiOQt� GHULYDFH�SRGOH� ’ˆks , k=1,2,...,K,

budou mít výše uvedené rovnice tvar
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Tato soustava K rovnic (k=1,2,...,K�� P åH� EêW� HãHQD� SUR� K� Y]RUN � SRVORXSQRVWL� ^ ’ˆks `�� 3 L

Y\KRGQRFRYiQt�VXP�PXVtPH�XYiåLW��åH� 0ˆ’ =ks  pro Kn >  a 0=nw  pro 1<n . Tato GHNRQYROXþQt

PHWRGD� MLå� GiYi� SRXåLWHOQp� YêVOHGN\�� DOH� MHMt� QHYêKRGRX� MVRX� SUREOpP\� V volbou délky
posloupnosti { ’ŝ `�� WM�� VWDQRYHQt� þtVOD�K�� =Y WãRYiQt� þtVOD�K� QHS LQiãt� YåG\� ]YêãHQt� S HVQRVWL

GHNRQYROXFH�� 1HPiPH�OL� S HGHP� LQIRUPDFL� R� YKRGQp� YROE � K�� GRSRUXþXMt� VWDWLVWLFNp� ~YDK\

[5$/��@� HãLW�VRXVWDYX�URYQLF�SRVWXSQ �SUR�K ���������SRþtWDW�QDYtF�KRGQRWX

( )
KN

uuN

K −
=

2
22 ˆ,ρσ

D� SRNUDþRYDW� WDN� GORXKR�� GRNXG� 2
kσ  s rostoucím K� Yê]QDPQ � NOHVi�� +RGQRWD� K�� SR� Qtå

nenásleduje významný pokles 2
kσ �� MH� ]H� VWDWLVWLFNêFK� G YRG �YKRGQêP�K�� 3U E K\� EXGtFt� VtO\

]tVNDQp�/6,�PHWRGRX�SUR�U ]Qp�KRGQRW\�K jsou uvedeny na obr.����=�W FKWR�SU E K �MH�SDWUQR��åH

RSWLPiOQt� YROED� MH� Y� QDãHP� S tSDG � K=10��� WM�� R� Q FR� YtFH� QHå� þLQt� ãt ND� EXGtFtKR� LPSXOVX

Y\YRODQpKR� GRSDGHP� NXOLþN\�� 3RNXG� ]YROtPH� K menší (K=50��� QHVWDþt� VH� EXGtFt� LPSXOV

]UHNRQVWUXRYDW�� QHER � N� WRPX� QHPi� GRVWDWHþQê� SURVWRU��1DRSDN� S L� YROE � YHONpKR�K (K=150)

GRFKi]t�NH�]QDþQpPX�QiU VWX�ãXPX�Y�UHNRQVWUXRYDQpP�EXGtFtP�LPSXOVX��WDNåH�S L�YROE �K=200

QHQt�MLå�YêVOHGHN�QDSURVWR�SRXåLWHOQê�
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Obr.����3U E K\�EXGtFt�VtO\�]tVNDQp�/6,�PHWRGRX�SUR�U ]Qp�KRGQRW\�K.

4. 5HJXODUL]DþQt�PHWRGD

,QYHU]Qt� PHWRGD� Y\XåtYDMtFt� UHJXODUL]DþQt� PHWRG\� SUR� HãHQt� ãSDWQ � SRGPtQ QêFK� GLVNUpWQtFK

úloh - regularization PHWKRG��5����MH�SRSViQD�QDS ��Y�>+$1��@��3 L�WpWR�PHWRG �VH�Y\MGH�]�S tPp

VXEVWLWXþQt� PHWRG\�� DOH� N� HãHQt� GDQp� VRXVWDY\� URYQLF� VH� Y\XåtYi� UHJXODUL]DþQtFK� PHWRG�� 3UR

ilustraci zde uvedeme výsledky získané aplikací dvou UHJXODUL]DþQtFK� PHWRG�� Tichonovova

UHJXODUL]DFH� D� /645� DOJRULWPXV�� 9êVOHGN\� LQYHU]Qt� ~ORK\� HãHQp�Tichonovovou UHJXODUL]DþQt

PHWRGRX� SUR� U ]Qp� KRGQRW\� UHJXODUL]DþQtKR� SDUDPHWUX� � MVRX� XYHGHQ\� QD� REU� 7 a výsledky

]tVNDQp�/645�DOJRULWPHP�SUR�U ]Qp�SRþW\�LWHUDFt�MVRX�XYHGHQ\�QD�REU� 8.



1

0.5

0.2

0.1

0.05

0.02

0.01

0.005

0.002

0.001

Obr.����3U E K\�EXGtFt�VtO\�]tVNDQp�5�PHWRGRX (7LFKRQRY��SUR�U ]Qp�KRGQRW\��

1

2

3
4

5

6

7

Obr.����3U E K\�EXGtFt�VtO\�]tVNDQp�5�PHWRGRX��/645��SUR�U ]Qp�SRþW\�LWHUDFt�
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9�S tVS YNX�MVRX�XYHGHQ\�PHWRG\�SUR� HãHQt�LQYHU]Qt�~ORK\���XUþHQt�þDVRYp�]iYLVORVWL�EXGtFt�VtO\

]�QDP HQpKR�VLJQiOX�YHUWLNiOQtKR�SRVXYX��.�Y\ HãHQt�WRKRWR�LQYHU]QtKR�SUREOpPX�E\O\�SRXåLW\

W L�LQYHU]Qt�PHWRG\��S tPi�VXEVWLWXþQt�PHWRGD��PHWRGD�]DORåHQi�QD�PHWRG �QHMPHQãtFK�þWYHUF �D

PHWRGD�Y\XåtYDMtFt�UHJXODUL]DþQt�PHWRG\�SUR� HãHQt�ãSDWQ �SRGPtQ QêFK�GLVNUpWQtFK�~ORK��NWHUi

VH�QiP�RVY GþLOD�QHMYtFH�

-LVWp� RGFK\ON\� RG� S HGSRNOiGDQpKR� SU E KX� EXGtFt� VtO\�� S HGHYãtP� podkmit za koncem

LPSXOVX�� PRKRX� EêW� GiQ\�� FKDUDNWHULVWLNRX� VQtPDþH�� WtP�� åH� VQtPDþ� P t� þiVWHþQ � L� UDGLiOQt

SRVXY�� NRQHþQêPL� UR]P U\� VQtPDþH� D� QHS HVQRVWt� Y� JHRPHWULL�� 7\WR� YOLY\� EXGRX� S HGP WHP

dalšího výzkumu.

3RG NRYiQt

3UiFH� SRSVDQi� Y� WRPWR� þOiQNX� E\OD� SRGSRURYiQD� *UDQWRYRX� DJHQWXURX� ýHVNp� UHSXEOLN\

SURVW HGQLFWYtP� JUDQWX� þ������������� �1RYp� PHWRG\� Y\KRGQRFRYiQt� VLJQiO � DNXVWLFNp� HPLVH�

a�XVNXWHþQ QD�Y�,QVWLWXWX�WHFKQRORJLH�D�VSROHKOLYRVWL�=iSDGRþHVNi�XQLYHU]LW\�Y�3O]QL�
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